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Neutrino Propagation in dense astrophysical environments: beyond the
standard frameworks
Abstract
Since the discovery of neutrino oscillations in vacuum, it has been shown that the presence of a matter
background can greatly modify the flavor evolution. The inclusion of neutrino self-interactions in the stud-
ies of neutrino flavor conversions in dense astrophysical environments has triggered an intense theoretical ac-
tivity. This thesis enters into this context by going beyond usual approaches. In our first project, we explore
analytically and numerically the so-called helicity coherence, using for the first time a detailed astrophysical
simulation of binary neutron star merger remnants. This study shows that helicity coherence cannot lead
to conversions and, by doing so, strengthens the validity of the usually-employed mean-field equations in
dense media. It also brought a better understanding of the nonlinear feedback mechanism. Having done
so, we examine in a second part the role of nonstandard matter-neutrino interactions in the same astrophys-
ical setting. We find that the presence of such interactions creates another MSW-like resonance, called the
inner resonance, which can have an interesting interplay with the matter-neutrino resonance, and leads to
flavor conversions very close to the central object. We also analyze the mechanism of such a resonance and
show that it can be met as a synchronized resonance in the presence of a strong self-interaction potential.
Finally, our last study is more formal, as it focuses on the fundamental question of decoherence by wave-
packet separation in the presence of strong gravitational fields. We use the density matrix formalism for the
neutrino wave packet in the Schwarzschild metric and derive the expression of the coherence length. This
work provides with the first study in the description of decoherence in curved space-time.
Keywords: neutrinos, astrophysics, binary neutron stars, helicity coherence, nonstandard, wave packets.
Depuis la découverte des oscillations de neutrinos dans le vide, il a été démontré que la présence d’un
environnement de matière peut avoir une grande influence sur les changements de saveurs. L’inclusion des
termes d’interactions neutrino-neutrino dans les études des conversions de saveurs dans les environnements
astrophysiques denses a créé une activité théorique très intense. Cette thèse entre dans ce cadre en allant au-
delà des approches usuelles. Dans notre premier projet, nous explorons analytiquement et numériquement
le rôle de la cohérence d’hélicité, en nous basant pour la première fois sur une simulation astrophysique dé-
taillée d’un rémanent de fusion de système binaire d’étoiles à neutrons. Cette étudemontre que la cohérence
d’hélicité n’engendre pas de conversions, et par ce fait, renforce la validité des équations de champs moyens
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habituellement utilisées dans les milieux denses. Elle apporte également une meilleure compréhension du
mécanisme de nonlinear feedback. Après cela, nous examinons dans une seconde partie le rôle des interac-
tions non-standards entre matière et neutrinos dans le même contexte astrophysique. Nous trouvons que
la présence de telles interactions peut créer une nouvelle résonance de type MSW, appelée la résonance ”in-
ner”, qui peut avoir un couplage intéressant avec la résonancematière-neutrino, et provoque des conversions
de saveurs très proches de l’objet central. Nous analysons également le mécanisme d’une telle résonance, et
montrons qu’elle se manifeste comme une résonance synchronisée en présence d’un potentiel d’interaction
neutrino-neutrino fort. Enfin, notre dernière étude est plus formelle et se focalise sur la question fonda-
mentale de la décohérence par séparation de paquets d’ondes en présence de champs gravitationnels forts.
Nous utilisons le formalisme de la matrice densité pour le paquet d’onde du neutrino dans la métrique de
Schwarzschild, et dérivons l’expression de la longueur de cohérence. Ce travail constitue la toute première
étude dans la description de la décohérence en espace-temps courbe.
Mots clés : neutrinos, astrophysique, systèmes binaires d’étoiles à neutrons, cohérence d’hélicité, non-
standard, paquets d’ondes.
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1
General introduction
The existence of neutrinos was first proposed in 1930 byWolfgang Pauli, in order to explain the continuous
spectra of beta particles emitted in beta decay. The word ”neutrino” itself was introduced to the scientific
community by Enrico Fermi in two conferences —Paris, in July 1932 and the Solvay conference in October
1933—, to differentiate this new, neutral particle from the heavier neutron. In 1934, Fermi postulated his
theory on beta decay, in which four fermions, including the neutrino, were interacting with one another.
This work was first submitted to Nature which rejected it, judging it ”too remote from reality to be of in-
terest to the reader”. Today, we know that Fermi’s theory corresponds to the low-energy limit of the weak
interaction.
However, it was only in 1956 that neutrinos were detected for the first time. Cowan, Reines, Harrison,
Kruse andMcGuire [1] announced the first detection of reactor electron antineutrinos through inverse beta
decay. Theproducedneutrons are capturedonnucleiwhile theproducedpositrons annihilatewith electrons,
both processes emitting photons that could be detected. Later, the first muon neutrino was detected in 1962
by Lederman, Schwartz, and Steinberger, hence showing that more than one type of neutrino exists. The
third lepton flavor, tau, was discovered in 1975 at the Standford Linear Acceleration Center and assumed to
have an associated neutrino. However, it was directly measured only in 2000 by the DONUT collaboration
at Fermilab.
In the late 60s, the Homestake experiment, headed by Davis detected and counted neutrinos emitted by
nuclear reactions in the Sun [2]. They observed a discrepancy in the number of neutrinos detected, with the
measured flux being about one-third of the flux predicted by Bahcall, creating the so-called solar neutrino
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problem. This problem remainedunsolved for about thirty years, triggeringnumerous experiments and lead
to the discovery of neutrino oscillations in 1998 [3]. In 1957, Pontecorvo introduced first the idea of neutrino-
antineutrino conversions by analogy with kaon oscillations [4]. After the existence of muon neutrinos was
established,Maki, Nakagawa and Sakata introduced in 1962 the notion of flavormixing [5], leading to νe ↔
νµ and ν¯e ↔ ν¯µ oscillations. Pontecorvo further elaborated on those oscillations in 1967. After the discovery
of the solar neutrino problem, Gribov and Pontecorvo published the first modern treatment of neutrino
oscillations, introducing neutrino masses in an article called ”Neutrino astronomy and lepton charge” [6].
TheHomestakemeasurement of solar neutrinos and the first detection of supernova neutrinos in 1987 were
two milestones for the field of neutrino astronomy.
The discovery of neutrino oscillations by the SuperKamiokande (1998) [3] and SNO (2001) [7] experi-
ments has proven that neutrinos are elementary massive particles with mixing, that is the mass (or propaga-
tion) basis and the flavor (or interaction) basis do not coincide. Since then, precision measurements have
determined most of the fundamental neutrino oscillation parameters. Crucial open questions remain, in
particular, the nature of neutrinos (Majorana or Dirac), the neutrino mass ordering, the existence of sterile
neutrinos and of CP violation in the lepton sector. It is also still unknown how neutrino masses are gener-
ated.
As neutrinos are very light and interact only through weak interactions, they also make wonderful mes-
sengers of the universe. Expanding the work of Wolfenstein [8], Mikheev and Smirnov noted in 1985 [9]
that neutrino oscillations could be drastically modified in the presence of a matter background. In particu-
lar, they showed the existence of the so-called Mikheev-Smirnov-Wolfenstein (MSW) resonance that could
be met in the Sun. It is now well-established that theMSW phenomenon is at the origin of the high-energy
8B solar neutrinos deficit.
Flavor evolution in dense astrophysical environments, such as core-collapse supernovae or compact bi-
nary objects, has turned out to be a complex problem. Indeed, the presence of neutrino self-interactions
in such environments makes the study of neutrino evolution a nonlinear problem [10]. The inclusion of
self-interaction terms [11] has triggered more than a decade of intense theoretical investigations, and models
of increasing complexity are used to unravel new flavor instabilities and mechanisms such as collective con-
version phenomena. Such studies are necessary to assess the actual impact of neutrino oscillations on the
physics of the environment, in particular, on the dynamics of supernovae, on the nucleosynthetic r process
abundances as well as for future observations of supernova neutrinos and of the diffuse supernova neutrino
background. Understanding themechanism for the explosionofmassive stars and identifying the siteswhere
heavy elements are produced (r process) are two key longstanding open questions in astrophysics.
5
The recent observation of gravitational waves from a binary neutron star merger event GW170817 [12]
coincidently with a short gamma-ray burst and a kilonova constitute the first direct evidence for r process
nucleosynthesis in such sites. Moreover, recent works have shown that a significant part of the r process
elements is likely to be produced in the so-called neutrino-driven winds. Therefore, fully understanding
neutrino flavor conversions in this type of environment, as well as their role in nucleosynthesis is primordial.
The main goal of the present thesis is to investigate neutrino flavor conversions in dense astrophysical en-
vironments beyond the standard frameworks. We do so in three respects, encompassing the exploration of
the role of helicity coherencewhich is usually neglected, the effects of nonstandard interactions and neutrino
decoherence by wave packet separation.
The first project of this thesis is a study of the so-called helicity coherence correlators, which appear as
nonrelativistic corrections to our neutrino evolution equations. The corresponding contributions, propor-
tional to the absolute mass of neutrinos, create a coupling between active and sterile neutrino components
(”wrong helicity” components) in case of Dirac neutrinos, or between neutrinos and antineutrinos in case
of Majorana neutrinos. While one first study of these terms has been done in a very simple model with one
Majorana neutrino flavor [13], no study was ever made on the effect of this new coupling in a realistic sce-
nario. In the first toymodel, the authors found that the presence of helicity coherence coupling could create
a MSW-like resonance between neutrinos and antineutrinos, which could be amplified by a nonlinear feed-
back, created by the nonlinear nature of the equations, inducing strong flavor conversions. Our goal in this
thesis is to investigate the possible effects of helicity coherence coupling neutrinos to antineutrinos in a real-
istic framework with twoMajorana neutrino flavors, based on detailed astrophysical simulations of a binary
neutron star merger remnants. After re-deriving themost general equations for neutrino propagation in the
mean-field approximation, we numerically explore a large number of trajectories as well as a large parame-
ter range. We find that MSW-like resonance conditions between neutrinos and antineutrinos can be met
in this detailed astrophysical scenario. We also analyze analytically our results in the light of nonlinear feed-
back, discussing general conditions for multiple MSW-like resonances that would increase the adiabaticity.
Our results also shed light more generally on nonlinear feedback mechanisms, which are observed in binary
neutron star mergers simulations such as the one associated with a flavor phenomenon called the matter-
neutrino resonance. The work presented in this thesis constitutes the first realistic investigation considering
helicity coherence and allows to assess the validity of the usual mean-field equations used in flavor evolution
studies.
The second project of this thesis is focused on the role of possible nonstandard matter-neutrino interac-
tions (NSI) in binary neutron star merger remnants. Indeed, experimental constraints on matter-neutrino
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nonstandard interactions, obtained with scattering and oscillation experiments, are still rather loose. The
presenceofNSIwouldmodify the interpretationofoscillation experiments andmay explainobserved anoma-
lies. Studies of these interactions in core-collapse supernovae [14, 15, 16, 16] have shown that they can alter
neutrino flavor conversions, in particular by creating a new MSW resonance called the Inner (I) resonance
extremely close to the neutrino emission surface. Because of its location, this new resonance could have a
strong effect on r process nucleosynthesis. We explore for the first time the role ofNSI in binary neutron star
merger remnants through numerical simulations and show that the I resonance condition can also be met,
creating strong flavor conversions very close to the neutrino emission surface. Moreover, we shed a new light
on its mechanism and show that it can be interpreted as a synchronized MSW resonance in the presence of
a significant self-interaction potential. This aspect of the I resonance has been overlooked in previous stud-
ies of NSI in core-collapse supernovae. Flavor conversions due to NSI such as the I resonance can have a
strong impact on the electron fraction—the proton-to-baryon ratio, which is a key parameter for r process
nucleosynthesis— as they are occurring very close to the central object, and couldmodify the abundances of
the elements produced through r process in the neutrino-driven winds. We discuss the potential impact of
NSI on the electron fraction in this environment.
The third project of the thesis goes towards a more fundamental direction with respect to the previous
two. In fact, it focuses on the investigation of decoherence by wave-packet separation on neutrino flavor
conversions, and in particular the effects of curved space-time. Indeed, as neutrinos are described by wave
packets rather than plane waves, it is possible for them to separate, leading to a damping of the oscillation
terms. After discussing the wave-packet description in dense astrophysical environments, we rederive consis-
tently the coherence length in flat space-time using the density matrix formalism and discuss the inclusion
of adiabatic matter effects. Then, we investigate the differences arising when considering the propagation of
neutrinos in strong gravitational fields. This is still an ongoing project for which final results have not been
included yet because of lack of time.
The thesis is organized as follows. First, wepresent the current understanding of neutrinophysics inChap-
ter 2. We discuss both the theoretical aspects of neutrino propagation in dense astrophysical environments
and the current status in neutrino physics. In Chapter 3, we describe the astrophysical scenarios of core-
collapse supernovae and binary neutron star merger remnants, as well as the neutrino emissions and key
features of their propagation in these environments. The following chapters are dedicated to the original
work developed in the course of this thesis, studying neutrino propagation in dense astrophysical environ-
ments beyond the standard frameworks. The role of helicity coherence correlators and nonlinear feedback
mechanisms are explored in Chapter 4 in the context of binary neutron star merger remnants. In Chapter 5,
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we present a study of the effects of nonstandard interactions on neutrino propagation in the same astrophys-
ical setting. The numerical results presented in Chapters 4 and 5 have been obtained using a FORTRAN
(90/95) developed during the course of this thesis. Decoherence by wave-packet separation in vacuum and
in the presence of gravitational fields is discussed in Chapter 6. In order to maintain the readability of this
manuscript, some calculations are detailed in the Appendices while only their main results are discussed in
the text. Our Conclusions are presented at the end of the manuscript.
The results obtained have made the object of two publications
• [17] A. Chatelain and M.C. Volpe,Helicity coherence in binary neutrino star mergers and nonlinear
feedback, Phys.Rev.D95 (2017) no.4, 043005.
• [18]A.Chatelain andM.C.Volpe,Neutrino propagation in binary neutron star mergers in the presence
of nonstandard interactions, Phys.Rev.D97 (2018) no.2, 023014.
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Unless specified otherwise, we adopt the following conventions and notations
• Natural units are used ℏ = c = kB = G = 1,
• The signature of the metric is chosen to be (−,+,+,+),
• Greek indices µ, ν, ... run from 0 to 3.
• ηµν = ηµν = diag (−1,+1,+1,+1) is the Minkowskian metric,
• γµ denotes one the usual gamma matrices, satisfying the Clifford algebra {γµ, γν} = 2ηµν and γ5 is
defined as γ5 ≡ iγ0γ1γ2γ3,
• Feynman slash notation is used: /a = aµγµ,
• Flavor neutrinos are specified by α, β, γ, ..., while massive neutrinos are specified by i, j, k, ....
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In this chapter, we will review the bases of neutrino physics. In Section 2.1.1, we start by introducing
neutrinos as elementary particles in the standard model. We present the minimal extension to the standard
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model, in which neutrinos get a mass, and introduce the notion of mixing. We discuss the differences be-
tweenMajorana and Dirac neutrinos and show a first derivation of neutrino oscillation probabilities in vac-
uum. In Section 2.2, we derive themost general evolution equations for the neutrino densitymatrix inmedia
in the mean-field approximation and the element of the Hamiltonian involved in those equations. We dis-
cuss the limit of a homogeneous system and ultra-relativistic neutrinos. In Section 2.3, we use the equations
derived above to study the propagation of neutrinos in matter and show that the coupling to matter gives
rise to a resonance phenomenon called the Mikheev-Smirnov-Wolfenstein effect. Finally, in Section 2.4, we
present a brief overview of the experimental status of the domain.
2.1 Introduction to neutrino physics
2.1.1 Neutrinos in the standard model
In the standardmodel (SM) of particle physics, neutrinos are introduced as massless particles sub-
ject only to the weak interaction. Neutrinos are fermions (intrinsic spin 1/2 particles), which exist in three
leptonic flavors: the electron neutrino, the muon neutrino, and the tau neutrino 1.
The fermionic free Lagrangian density is given by [20]
L0 (x) ≡ −ψ¯ (x)
(
/∂ +m
)
ψ (x) , (2.1)
wherem is the mass of the fermion, created through a Yukawa-type coupling between the fermionic field
and the Higgs boson. The fermionic field ψ can be expressed
ψ (x) =
∫
d3q⃗
(2pi)3/2
∑
σ=±1/2
(
u(q⃗, σ)eiqxa(q⃗, σ) + v(q⃗, σ)e−iqxb†(q⃗, σ)
)
, (2.2)
whereσ is the spin, p the four-momentumvector,u and v are four-componentDirac spinors, anda and b are,
respectively, the standardparticle and antiparticle annihilationoperators. The equal-time anti-commutation
relations are
{a(q⃗, σ), a†(q⃗ ′, σ′)} = {b(q⃗, σ), b†(q⃗ ′, σ′)} = δσ,σ′δ(3)(q⃗ − q⃗ ′), (2.3)
{a(q⃗, σ), a(q⃗ ′, σ′)} = {b(q⃗, σ), b(q⃗ ′, σ′)} = 0. (2.4)
To describe massless fermions, we introduce the projectors PL = 1−γ52 and PR =
1+γ5
2
. In the SM of
particle physics, neutrinos are supposed to be massless fermions interacting only through their left-handed
1This introduction is adapted from Ref. [19].
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component ψL = PLψ through Charged Current (CC) and Neutral Current (NC) interactions, with the
Lagrangian densities respectively given by
LCC = ig
2
√
2
∑
α=e,µ,τ
ψ¯ναγ
µ(1− γ5)ψαWµ + h.c. ≡ ig
2
√
2
jµWWµ + h.c., (2.5)
LNC = ig
2 cos θW
∑
α=e,µ,τ
(
ψ¯ναγ
µ(cναv − cναa γ5)ψνα + ψ¯αγµ(cαv − cαaγ5)ψα
)
Zµ ≡ ig
2 cos θW
jµZZµ,
(2.6)
where g ≡ e
sin θW
is the electro-weak coupling constant, e being the electric charge and θW the Weinberg
angle, ψx denotes the fermionic field of the particle x, and cxv , cxa are the vector and axial coupling constants
of the particle x, related to its isospin and its charge. W andZ are two bosonic vector fields, respectively the
charged and neutral weak interaction gauge boson fields, of massesmW andmZ .
It is interesting to notice that themasses of the vector bosonsW andZ are of the order of 100GeV,which
is much larger than the energy involved in the phenomena considered here. Therefore, the propagators of
the massive bosons Z andW can be simplified (for example, forW )
−i
(2pi)4
ηµν + p
µpν
m2W
p2 +m2W
|p|2≪m2W−→ −i
(2pi)4
ηµν
m2W
, (2.7)
where p is the momentum carried by the boson. The interaction can be considered as a contact interaction,
as depicted in figure 2.1 for the CC process. Defining the Fermi constant GF√
2
= g
2
8m2W
= g
2
8 cos2 θWm
2
Z
, the CC
and NC Lagrangians can be rewritten
LCC = −GF√
2
jµW j
†
Wµ, (2.8)
LNC = −GF√
2
jµZj
†
Zµ. (2.9)
W±
f1 f2
f3 f4
⇒
Low-energy limit
f1 f2
f3 f4
Figure 2.1: In the low-energy limit, the CC (or NC) interaction involving the propagation of a vector bosonW (orZ) becomes a contact
interaction.
In the SM, neutrinos are massless. On the other hand, there is no symmetry in the SM imposing the
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masslessness of neutrinos. Yet, the discovery and experimental confirmation of neutrino oscillations [3]
imply the existence of massive neutrinos and mixings. Thus, to have a more complete understanding of
neutrinos, it is necessary to extend the SM. In the next section, we will introduce the minimally extended
Standard Model, in which right-handed neutrinos exist.
2.1.2 Massive neutrinos and mixing
Dirac neutrinos
Neutrinos are neutral leptons, and since their charged-leptonic partners e, µ, τ are Dirac fermions, it is nat-
ural to consider them as such. In the minimal extension of the SM, Dirac fermions, namely leptons and
quarks, acquire their mass through theHiggs mechanism. The Dirac mass term reads, for a fermion of mass
mD
LDmass = −mDψ¯ψ = −mDψ¯RψL + h.c.. (2.10)
However, themass termand theCC interaction termare not necessarily diagonal in the samebasis: neutrinos
with a definite mass are not necessarily neutrinos with a definite flavor. This phenomenon is known as
neutrino mixing and is responsible for neutrino oscillations.
From now on, we will denote by νk a neutrino with a definite massmk, and να a neutrino with a definite
flavorα: the basis |νk〉 is called themass basis, while |να〉 is called the flavor basis. These two bases are related
by a 3× 3 unitary matrix U, called the Pontecorvo - Maki - Nakagawa - Sakata (PMNS) matrix
|να〉 =
∑
k
U∗αk |νk〉 . (2.11)
Rewriting the weak leptonic current in the mass basis jµW =
∑
α=e,µ,τ
∑3
k=1 U
∗
αkψ¯νkγ
µ(1− γ5)ψα, it be-
comes obvious that flavor eigenstates, created throughweak interactions, are amixture ofmassive eigenstates.
A n×n unitarymatrix has n2 real independent parameters which can be parametrized by n(n−1)
2
angles and
n(n+1)
2
phases. However, because of the invariance of the Lagrangian under global phase transformations,
2n−1 phases can be eliminated. Therefore, in the case of three Dirac neutrinos, the PMNSmatrix depends
on three mixing angles, θ12, θ23, θ13 and one CP-violating phase, δ, and can be parametrized as
U =

1 0 0
0 c23 s23
0 −s23 c23


c13 0 s13e
−iδ
0 1 0
−s13eiδ 0 c13


c12 s12 0
−s12 c12 0
0 0 1
 , (2.12)
where cij = cos θij and sij = sin θij (i, j = 1, 2, 3).
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Majorana neutrinos
In 1937,Majorana suggested that the left-handed and right-handed component of the neutrino field,ψL and
ψR, are not independent [21]. Let us define the charge-conjugate of a field ψ, ψc = Cψ¯ᵀ, where C = iγ2γ0
is the charge-conjugation matrix and ᵀ the transpose [19]. Then, one may notice that ψ cL is right-handed,
namely PLψ cL = 0. It is also possible to check that ψ cL transforms as ψL under a Lorentz transformation.
As a consequence ψL and ψ cL can, in principle, form a mass term, called the Majorana mass term
LLmass = −
1
2
mψ¯ cL ψL + h.c., (2.13)
where the factor 1/2 comes from the fact that ψL and ψ cL are not independent.
AMajorana field is therefore a field that satisfies theMajorana conditionψR = ψ cL , which can also be re-
expressedψ = ηψc (where η is a phase) by definingψ = ψL+ ηψ cL . This condition requires theMajorana
field to be neutral, and neutrinos are (currently) the only known neutral fermions.
In terms of annihilation and creation operators, aMajorana fermionic field has a similar expression to the
Dirac field (2.2), but with the additional relation b(q⃗, σ) = a(q⃗, σ), namely
ψMνi (x) =
∫
d3q⃗
(2pi)3/2
∑
σ=±1/2
(
ui(q⃗, σ)e
iqxai(q⃗, σ) + vi(q⃗, σ)e
−iqxa†i (q⃗, σ)
)
. (2.14)
By convention, left-handedneutrinos are calledneutrinoswhile right-handedneutrinos are called anti-neutrinos.
It is worthwhile to note that aMajorana neutrino has half as many degrees of freedom as aDirac neutrino
(see figure 2.2). Indeed, from CPT invariance and Lorentz invariance, there are four possible helicity states
for a Dirac neutrino of a given momentum: νL, νR, ν¯L and ν¯R. However, as a Majorana field is self-charge
conjugated, a CPT transformation only modifies its helicity, hence there are only two possible states for a
Majorana neutrino of a given momentum νL and νR.
The presence of neutrinomixing doesn’t depend on the nature of neutrinos. There exists amixingmatrix
U such that |να〉 =
∑
k U
∗
αk |νk〉. However, there is a major difference between Dirac and Majorana neu-
trinos. In the case of massive Dirac neutrinos, 2n− 1 phases of the mixing matrix are eliminated because of
the invariance of the Lagrangian under global phase transformations, but for Majorana neutrinos, the mass
term is not invariant: if ψνk,L → ψ′νk,L = eiφkψνk,L, then ψ¯cνk,L → ψ′νk,L = eiφkψ¯cνk,L and the lepton
number is violated. As a consequence, only n phases, corresponding to the re-phasing of the charged lepton
fields, can be eliminated. Therefore, in the case of three flavors, if neutrinos areMajorana particles, there are
two additional phases in the PMNSmixing matrix.
Experimentally, a signature of theMajorana nature of neutrinos would be the observation of neutrinoless
double beta decay (A,Z) → (A,Z + 2) + 2e−, where (A,Z) is a nucleus with A nucleons and Z pro-
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νL ν¯R ν¯L νR
Lorentz Boosts
CPTCPT
νL νR
Lorentz Boosts
CPT
Figure 2.2: Dirac (left) andMajorana (right) degrees of freedom.
tons, that is a double beta decay process with the emission of two electrons. This lepton-number-violating
phenomenon can occur only if a right-handed antineutrino emitted at a vertex can be reabsorbed at another
vertex as a left-handed neutrino, which would imply neutrinos are Majorana particles. This process is yet to
be detected.
It is, therefore, possible to describe massive neutrinos with a single chiral component. AnotherMajorana
mass term can be introduced in extended versions of the SM as LRmass = −12mψ¯ cR ψR + h.c., where ψR
describes a sterile, right-handed neutrino field. The so-called seesaw mechanism relies on the existence of
this mass term. This mechanism, proposed in the seventies, explains the lightness of the left-handed active
neutrinos with the presence of very heavy, sterile, right-handed neutrinos. It assumes that neutrino masses
are described by the Dirac andMajorana mass term, which is the most general mass term for Majorana neu-
trinos, involving both left-handed and right-handed neutrinos. In the following, we describe the main idea
of this mechanism.
We consider here the simplest case in which only one generation of neutrino exists, with two neutrino
fields νL and νR. The Dirac andMajorana mass term can be written in the matrix form
LD+Mmass = −
1
2
n¯LMn
c
L + h.c., (2.15)
where nL is a vector
nL =
νL
ν cR
 , (2.16)
andM is the mass matrix
M =
mL mD
mD mR
 . (2.17)
We assume here CP invariance so thatmL,mR,mD are real parameters. This matrix can be diagonalized by
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a unitary matrix U so that (see e.g. Ref. [22])
UᵀMU =
m1 0
0 m2
 , (2.18)
with the eigenvaluesm1,m2 given by
m1 =
1
2
∣∣∣∣mR +mL −√(mR −mL)2 + 4m2D∣∣∣∣ , (2.19)
m2 =
1
2
∣∣∣∣mR +mL +√(mR −mL)2 + 4m2D∣∣∣∣ . (2.20)
The mass term (2.15) can then be rewritten
LD+Mmass = −
1
2
∑
i=1,2
miν¯iνj, (2.21)
where the fields ν1 and ν2 describe Majorana particles of definite massesν1
ν2
 = U †nL + (U †nL)c . (2.22)
The matrix U can be parametrized [19] as
U =
 cos θ sin θ
− sin θ cos θ
eiλ 0
0 1
 , (2.23)
with θ ∈ [0, pi
2
]
and λ ∈ [0, 2pi]. Using Eq. (2.18), we find for those parameters the relations
tan 2θ =
2mD
mR −mL , (2.24)
and tan 2λ = 0, as we assumedmL,mR,mD are real parameters.
The main assumptions of the seesaw mechanism presented here are the following
1. Assume that the Majorana mass term is null, that ismL = 0. This is a natural assumption, as the
presence of such a term is forbidden by the symmetries and renormalizability of the SM (see Ref.
[19]).
2. Assume that the Dirac massmD is generated through a standard Higgs mechanism, and is therefore
of the same order as the electroweak scale.
3. Assume that the lepton number is violated bymR at a scale much larger than the electroweak scale:
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mR ≫ mD.
With these assumptions, the eigenvalues (2.19-2.20) become
m1 ∼ m
2
D
mR
≪ mD, (2.25)
and
m2 ∼ mR ≫ mD. (2.26)
Therefore,m1 is very light compared to other leptons, whilem2 is very heavy. The parameter θ (2.24) be-
comes very small: ν1 is mostly composed of active νL while ν2 is mostly composed of sterile νR. This is
the so-called seesaw mechanism: a very heavy right-handed neutrino is responsible for the lightness of the
left-handed neutrino.
The suppression factor, mD
mR
, depends on the scale on which the lepton number is violated. Note that if
we take mD ≈ 102 GeV, and if we consider mR to be of the order of the grand-unification scale mD ≈
1014 − 1016 GeV, then we find mD
mR
≈ 10−14 − 10−12: the seesaw mechanism would explain why neutrino
masses are so small compared to other leptons.
As described above, the inclusion of neutrino mass terms and mixing make it possible for neutrinos to
change their flavors, leading to the phenomenon of neutrino oscillations. In the section below, we discuss
the simplest case of neutrino oscillations in vacuum.
2.1.3 Neutrino oscillations in vacuum
Neutrinos are produced through CC interaction processes and are therefore produced as flavor eigenstates
which are superpositions ofmass eigenstates. Because themass eigenstates havenon-zero andnon-degenerate
masses, and because of mixing, the superposition detected after propagation is not necessarily the same as
the initially produced one: the neutrino detected may have changed its flavor. This phenomenon, first in-
troduced by Bruno Pontecorvo in 1957 [4, 23], has been discovered by the SuperKamiokande and SNO
experiments [3, 24]. In this section, we will present the standard derivation of the neutrino oscillation prob-
abilities.
Let us assume that a neutrino of flavor α and momentum q⃗ is created through a CC weak process at the
instant t = 0. As we have seen before, it is created as a pure flavor state and can be written as
|να〉 =
∑
k
U∗αk |νk〉. (2.27)
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Note that the number of massive neutrinos is not limited: its minimum is three, but it may be larger than
three. If so, the additional neutrinos in the flavor basis would be sterile, namely, they would not participate
in any interaction except gravity. Therefore, the number of massive neutrinos will not be specified in the
following general derivation. We consider orthonormal massive neutrino states: 〈νl|νk〉 = δkl, and since U
is unitary, 〈να|νβ〉 = δαβ .
In a Schrödinger-like picture, the massive neutrino states are eigenvalues of the Hamiltonian H of the
system: H |νk〉 = Ek |νk〉 where E2k = q⃗2k +m2k, and we consider that all neutrinos have equal momenta
q⃗k = q⃗. Therefore, they evolve according to the Schrödinger equation as |νk(t)〉 = e−iEkt |νk〉. Using this
equation and |νk〉 =
∑
α Uαk |να〉, we find
|να〉 =
∑
β
∑
k
U∗αkUβke
−iEkt |νβ〉. (2.28)
The transition probability is then given by
Pνα→νβ (t) = |〈νβ|να (t)〉|2 , (2.29)
=
∑
k,j
U∗αkUβkUαjU
∗
βje
−i(Ek−Ej)t, (2.30)
≈
∑
k,j
U∗αkUβkUαjU
∗
βje
−i∆m
2
kjL
2E , (2.31)
wherewe consideredultra-relativistic neutrinosdetected at a distanceL ≈ t, with equalmomenta q⃗ such that
Ek−Ej ≈ ∆m
2
kj
2E
, where∆m2kj = m2k−m2j andE = |q⃗|. It is easy to verify that the transition probability
does not depend on the (possible) Majorana phases of the mixing matrix U . The antineutrino transitions
ν¯α → ν¯β have different probabilities than neutrino transitions να → νβ in the presence of a non-zeroDirac
CP-violating phase δ. The first evidence of neutrino oscillations was provided by the pioneering experiment
Super-Kamiokande [3]. In 1998, they observed an azymuthal asymetry in the number of atmospheric muon
detected (see figure 2.3). This can be explained by the fact that muon neutrinos converted into ντ that were
not detected. The experimental evidence of neutrino oscillations are discussed in more detail in Section 2.4.
An interesting special case is the one of two-neutrinomixing. In this approximation, we consider only two
massive neutrinos out of three. While this simplifies greatly the oscillation formulas, it is also well justified
as most experiments are not sensitive to the influence of three-neutrino mixing. Therefore, we consider
two neutrino flavors να and νβ , which can be either pure flavor neutrinos or a linear combination of pure
flavor neutrinos. The mixing matrix U is reduced to a 2× 2matrix, which is a rotation matrix in the Dirac
case, but includes an additional phase in case neutrinos are Majorana particles. However, it is easy to see in
the equations above that such a phase does not play any role [22]. In the Dirac case, the matrix U can be
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Figure 2.3: Zenith angle distributions ofµ-like and e-like events for sub-GeV andmulti-GeV data sets. Up- ward-going particles have
cos θ < 0 and downward-going particles have cos θ > 0. Sub-GeV data are shown separately for p < 400MeV/c and p > 400MeV/c.
Multi-GeV e-like distributions are shown for p < 2.5GeV/c and p > 2.5GeV/c and themulti-GeVµ-like are shown separately for FC
and PC events. The hatched region shows theMonte Carlo expectation for no oscillations normalized to the data live-timewith statistical
errors. The bold line is the best-Ćt expectation for νµ ↔ ντ oscillations with the overall ćux normalization Ćtted as a free parameter.
Figure and caption adopted fromRef. [3].
parametrized as
U =
 cos θ sin θ
− sin θ cos θ
 , (2.32)
where θ is the effective mixing angle, and the appearance and survival probabilities take the simple forms
Pνα→νβ(L,E) = sin
2 2θ sin2
(
∆m2L
4E
)
(for α ̸= β) , (2.33)
Pνα→να(L,E) = 1− sin2 2θ sin2
(
∆m2L
4E
)
, (2.34)
where ∆m2 ≡ ∆m221. Using different source-to-detector distances and different energy ranges enable to
explore different values of the parameters ∆m2 and θ. The amplitude of the oscillations is controlled by
the value of the mixing angle θ, while the oscillation length, Losc = 4piE∆m2 depends only on the energy of the
neutrino and on the difference of the squared masses of the massive neutrinos. Note that the oscillation
probabilities in vacuum do not depend on the sign of ∆m2. Therefore, neutrino oscillation experiments
give us access only to the absolute value of such a parameter.
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2.2 Describing neutrino propagation in dense media
Whenneutrinos are propagating indense environments, their flavor evolution can be drastically
modified because of the interactions with the particles composing the medium.
In this section, we derive the equations describing neutrino evolution in the mean-field approximation.
We start by writing themost general mean-fieldHamiltonian, and introducing every relevant two-point cor-
relators. Weuse first principles toderive themost general evolution equations for those two-point correlators.
Then, we derive the different components involved in the effective Hamiltonian for a typical astrophysical
environment. Finally, we write down explicitly the equations derived above in the case of ultra-relativistic
neutrinos evolving in a homogeneous environment. We consider both Dirac and Majorana neutrinos and
highlight the differences between the two cases. Note that the results derived in this section are based on the
published work [25].
2.2.1 Most general equations in the mean-field approximation
In themean-field approximation, neutrinos and antineutrinos are considered as free streaming, prop-
agating in an averaged background field.
In this section, we derive the most general equations for neutrino propagation in the mean-field approx-
imation, following the procedure of Ref. [25]. Alternative derivations can be found in the literature (for a
review, see e.g. Ref. [26]). The density matrix formalism used here has been first introduced in Ref. [27],
and used in several other works (see e.g. Ref. [28, 29, 30, 31, 32]). In Ref. [33], a coherent-state path formal-
ism is used, and it is shown thatmean-field equations correspond to the stationary phase of the path integral
for the many-body system. The authors of Ref. [34] applied the Born-Bogoliubov-Green-Kirkwood-Yvon
(BBGKY) hierarchy to derive an unclosed set of equations, which can be truncated to its first equation to
obtain the mean-field evolution equations.
Starting with the most general mean-field Hamiltonian and every possible two-point correlators, we use
the Ehrenfest theorem and anti-commutation relations to derive the most general equations for those two-
point correlators. The differences between the Dirac andMajorana cases are discussed.
Dirac neutrinos
We start by writing the effective mean-field Hamiltonian of the propagating particle as a bilinear form
Heff(t) =
∫
d3x⃗ψ¯νi(x)Γij(x)ψνj(x), (2.35)
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where Γij(x) is a Kernel that will be specified later on, depending on the interactions with the medium. Let
us notice that this expression of theHamiltonian is very general: Eq. (2.9) is directly expressed as such, while
Eq. (2.8) can be rewritten in this form using a Wick-like transformation and Fierz identity (see Ref. [20]).
The fields ψνk are massive neutrino fields, though the equations derived below are valid in any basis. In the
interaction pictures, their expression is given by Eq. (2.2), with the non-zero anti-commutation relations at
equal time given by Eq. (2.3).
The most general equations in the mean-field approximation should involve the equal-time two-point
correlators
ρij(t, q⃗, σ, q⃗
′, σ′) =
〈
a†j(q⃗
′, σ′)ai(q⃗, σ)
〉
, (2.36)
ρ¯ij(t, q⃗, σ, q⃗
′, σ′) =
〈
b†i (q⃗, σ)bj(q⃗
′, σ′)
〉
, (2.37)
κij(t, q⃗, σ, q⃗
′, σ′) = 〈bj(q⃗ ′, σ′)ai(q⃗, σ)〉 , (2.38)
κ†ij(t, q⃗, σ, q⃗
′, σ′) =
〈
a†j(q⃗
′, σ′)b†i (q⃗, σ)
〉
, (2.39)
where the brackets denote the expectation value of the operator, taking into account the quantum and sta-
tistical average over the background in which the neutrinos are propagating. Usually, only the neutrino
(2.36) and antineutrino (2.37) density matrices are considered when studying neutrino evolution in media.
Reference [34] first pointed out that the pairing correlators ( 2.38, 2.39) also contribute to the mean-field
evolution equations. The authors also discussed the possible contribution of terms due to non-zero neu-
trino mass, which are comprised here as the neutrino and antineutrino density matrices include all possible
helicity states.
To derive the evolution equations of the two-point correlator, we use the Ehrenfest theorem i∂〈A〉
∂t
=
〈[A,Heff(t)]〉. To this aim, we rewrite the effective Hamiltonian (2.35) as a function of the creation and
annihilation operators of the neutrinos and antineutrinos. Introducing the notations
∫
p⃗
≡
∫
d3p⃗, (2.40)
∫
p⃗,σ
≡
∫
p⃗
∑
σ=±1/2
, (2.41)
and the matrix product (A·B) (t, q⃗, σ, q⃗ ′, σ′) = ∫
p⃗1,σ1
A (q⃗, σ, p⃗1, σ1)B (p⃗1, σ1, q⃗
′, σ′), we get
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Heff(t) =
1
(2pi)3
∫
p⃗1,σ1
∫
p⃗2,σ2
∫
d3x⃗
[
u¯i (p⃗1, σ1) Γij(x)uj (p⃗2, σ2) e
−i(p1−p2)xa†i (p⃗1, σ1) aj (p⃗2, σ2)
+u¯i (p⃗1, σ1) Γij(x)vj (p⃗2, σ2) e
−i(p1+p2)xa†i (p⃗1, σ1) b
†
j (p⃗2, σ2)
+v¯i (p⃗1, σ1) Γij(x)uj (p⃗2, σ2) e
−i(−p1−p2)xbi (p⃗1, σ1) aj (p⃗2, σ2)
+v¯i (p⃗1, σ1) Γij(x)vj (p⃗2, σ2) e
−i(p2−p1)xbi (p⃗1, σ1) b
†
j (p⃗2, σ2)
]
.
Defining the Fourier transform on the spatial part of Γ
Γ˜ij(t, k⃗) ≡ 1
(2pi)3
∫
d3x⃗e−ik⃗.x⃗Γij(t, x⃗), (2.42)
and the following matrix elements
Γννij (t, p⃗1, σ1, p⃗2, σ2) = u¯i (p⃗1, σ1) Γ˜ij(t, p⃗1 − p⃗2)uj (p⃗2, σ2) e−i(p
0
2−p01)t, (2.43)
Γνν¯ij (t, p⃗1, σ1, p⃗2, σ2) = u¯i (p⃗1, σ1) Γ˜ij(t, p⃗1 + p⃗2)vj (p⃗2, σ2) e
−i(−p02−p01)t, (2.44)
Γν¯νij (t, p⃗1, σ1, p⃗2, σ2) = v¯i (p⃗1, σ1) Γ˜ij(t,−p⃗1 − p⃗2)uj (p⃗2, σ2) e−i(p
0
1+p
0
2)t, (2.45)
Γν¯ν¯ij (t, p⃗1, σ1, p⃗2, σ2) = v¯i (p⃗1, σ1) Γ˜ij(t, p⃗2 − p⃗1)vj (p⃗2, σ2) e−i(p
0
1−p02)t, (2.46)
we get the compact form for the effective Hamiltonian
Heff(t) =
[
a†(t)·Γνν(t)·a(t) + a†(t)·Γνν¯(t)·b†(t) + b(t)·Γν¯ν(t)·a(t) + b(t)·Γν¯ν¯(t)·b†(t)] . (2.47)
Heff, Γνν and Γν¯ν¯ are Hermitian while Γνν¯† = Γν¯ν . Having expressed the effective Hamiltonian in terms
of the creation and annihilation operators, we use the Ehrenfest theorem. For this purpose, we have com-
puted commutation relations of the type
〈
[aa†, aa†]
〉
as functions of the different two-point correlators. In
the end, we get the following evolution equations for the neutrino and antineutrino densitymatrices, as well
as for the pair correlators
iρ˙(t) =
(
[Γνν , ρ] + Γνν¯ ·κ† − κ·Γν¯ν) , (2.48)
i ˙¯ρ(t) =
(
[Γν¯ν¯ , ρ¯] + κ† ·Γνν¯ − Γν¯ν ·κ) , (2.49)
iκ˙(t) = (Γνν ·κ− κ·Γν¯ν¯ − Γνν¯ ·ρ¯− ρ·Γνν¯ + Γνν¯) . (2.50)
These are themost general mean-field evolution equations. They correspond to the first equation trunca-
tion of the BBGKY hierarchy. They include corrections to the relativistic limit and neutrino-antineutrino
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correlations which have been first pointed out inRef. [34]. Note that all thematrices in the equations above
are 2nf × 2nf , where nf is the number of flavors, as they include both a flavor and helicity structure.
The effects of the neutrino-antineutrino correlations associated with the κ terms have been recently dis-
cussed. Currently, no numerical study of these effects has been performed. However, it has been argued
in Ref. [35] that the contributions of these correlators are extremely small. Furthermore, the authors have
shown that the MSW-like resonance condition associated with these correlators is unlikely to be met in a
typical astrophysical environment.
The effects of the corrections to the relativistic limits, also called helicity coherence, are discussed in Chap-
ter 4 as this study is the goal of the first project of this thesis. Such corrections, proportional to the neutrino
masses, can create transitions between neutrinos and anti-neutrinos. We will explore their impact on neu-
trino flavor evolution in astrophysical environments.
We now discuss the differences between the Dirac and the Majorana cases.
Majorana neutrinos
In the case of Majorana neutrinos, we write the effective Hamiltonian as the bilinear form
HMeff (t) =
∫
d3x⃗ψ¯Mνi (x)Γij(x)ψ
M
νj
(x), (2.51)
whereψM areMajorana fields given in Eq. (2.14). Although theHamiltonian has the same form as theDirac
effective Hamiltonian (2.35), the kernel does not: the vacuum part of the Kernel has to be divided by 1/2, as
discussed in section 2.1.2. We define the two-point correlators as follow
ρMij (t, q⃗, σ, q⃗
′, σ′) =
〈
a†j (q⃗
′, σ′) ai (q⃗, σ)
〉
, (2.52)
ρ¯M =
(
ρM
)ᵀ
, (2.53)
κMij (t, q⃗, σ, q⃗
′, σ′) = 〈aj (q⃗ ′, σ′) ai (q⃗, σ)〉 , (2.54)
κM†ij (t, q⃗, σ, q⃗
′, σ′) =
〈
a†j (q⃗
′, σ′) a†i (q⃗, σ)
〉
. (2.55)
As before, we develop the effective Hamiltonian (2.51) in terms of a and a† and we get
Heff(t) = a
†(t)·Γνν(t)·a(t) + a†(t)·Γνν¯(t)·a†(t) + a(t)·Γν¯ν(t)·a(t) + a(t)·Γν¯ν¯(t)·a†(t). (2.56)
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Alternatively, it is possible to obtain a formulation closer to the one obtained in the Dirac case by defining
ΓννM = Γ
νν − (Γν¯ν¯)ᵀ, Γνν¯M = Γνν¯ − (Γνν¯)ᵀ,
Γν¯ν¯M = Γ
ν¯ν¯ − (Γνν)ᵀ, Γν¯νM = Γν¯ν − (Γν¯ν)ᵀ. (2.57)
From these definitions, we get the relations (ΓννM )
ᵀ = −Γν¯ν¯M and (Γν¯νM )ᵀ = −Γνν¯M , and rewrite the effective
Hamiltonian (2.51) as
Heff(t) =
1
2
[
a†(t)·ΓννM (t)·a(t) + a†(t)·Γνν¯M (t)·a†(t) + a(t)·Γν¯νM (t)·a(t) + a(t)·Γν¯ν¯M (t)·a†(t)
]
.
(2.58)
Using the Ehrenfest theorem and expressing the different commutation relations of the type
〈
[aa†, aa†]
〉
as a function of the two-point correlators (2.52-2.55), we find that the evolution equations in the Majorana
case take the same form as in the Dirac case (2.48-2.50), with the ΓM matrices (2.57) replacing the Γmatrices
(2.43-2.46), namely
iρ˙M(t) =
([
ΓννM , ρ
M
]
+ Γνν¯M ·κM† − κM ·Γν¯νM
)
, (2.59)
iκ˙M(t) =
(
ΓννM ·κM − κM ·Γν¯ν¯M − Γνν¯M ·ρ¯M − ρM ·Γνν¯M + Γνν¯M
)
. (2.60)
Note again that although the structure of the equations are the same as for Dirac neutrinos, the content of
the ΓM matrices is different.
2.2.2 Deriving the effective Hamiltonian in the mean-field approximation
Having derived the evolution equations for the two-point correlators (2.36 - 2.39)—respectively (2.52 - 2.55)
forMajorananeutrinos—,wederive thedifferent elements of theΓ
(−)
ν
(−)
ν in a typical astrophysical environment,
with a large number of self-interacting (anti)neutrinos in a backgroundof electrons andnucleons. Therefore,
three contributions have to be considered: i) the vacuum part of the effective Hamiltonian, ii) the CC and
NC interactions of neutrinos with electrons, protons and neutrons in the medium, iii) the neutrino (NC)
self-interactions.
Vacuum Contribution
The kernel of the vacuum (or free) Hamiltonian is
Γvacij (t, x⃗) = δij
(
/∂ +mi
)
, (2.61)
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for Dirac neutrinos. Note that for Majorana neutrinos, this kernel has to be divided by 2 to account for the
fact that the number of degrees of freedom is divided by 2. Using Dirac equation and qi,µqµi = −m2i , as
well as the different definitions (2.43 - 2.46), we get for Dirac neutrinos
Γνν,vacij (t, q⃗, h, q⃗
′, h′) = δijδ(3) (q⃗ − q⃗ ′) δh,h′q0, (2.62)
Γν¯ν¯,vacij (t, q⃗, h, q⃗
′, h′) = −δijδ(3) (q⃗ − q⃗ ′) δh,h′q0, (2.63)
Γν¯ν,vacij (t, q⃗, h, q⃗
′, h′) = 0, (2.64)
Γνν¯,vacij (t, q⃗, h, q⃗
′, h′) = 0, (2.65)
and for Majorana neutrinos
Γνν,vacM,ij (t, q⃗, h, q⃗
′, h′) = δijδ(3) (q⃗ − q⃗ ′) δh,h′q0, (2.66)
Γνν¯,vacM,ij (t, q⃗, h, q⃗
′, h′) = 0. (2.67)
This vacuum contribution is, by definition, diagonal in the mass basis. We now discuss how to derive the
contributions to the kernel from CC and NC interactions.
General procedure for deriving the interactions kernels
To compute the Γ
(−)
ν
(−)
ν matrices, we first need to compute the kernel Γint of the different interactions under-
gone by neutrinos. According to the low-energy interaction Lagrangians (2.8, 2.9), we consider here that the
effective Hamiltonian of the interaction reads
Hint = c
[
ψ¯ναγ
µ (1− γ5)ψνβ
]
[χ¯γµ (k1 − k2γ5)φ] , (2.68)
with c a coupling, ψνα the fermionic field of a neutrino να, (k1, k2) ∈ R2, and χ and φ the fermionic fields
of the other two particles involved in the interaction. We introduce aχ and bχ (respectively aφ and bφ) the
annihilator operators of the particle described by χ (respectively φ) and its antiparticle. From Eq. (2.35), we
wish to compute the kernel
Γαβ = cγµ (1− γ5)T µ, (2.69)
where we introduced the expectation value over the background
T µ ≡ 〈χ¯γµ (k1 − k2γ5)ψ 〉 . (2.70)
The procedure is then the following.
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1. We expand χ and φ in T µ (2.70) using their Fourier decomposition
T µ (x) =
〈
1
(2pi)3
∫
p⃗1,σ1
∫
p⃗2,σ2
(
u¯χ (p⃗1, σ1) e
−ip1·xa†χ (p⃗1, σ1) + v¯χ (p⃗1, σ1) e
ip1·xbχ (p⃗1, σ1)
)
×γµ (k1 − k2γ5)
(
uφ (p⃗2, σ2) e
ip2·xaφ (p⃗2, σ2) + vχ (p⃗2, σ2) e−ip2·xb
†
φ (p⃗2, σ2)
)〉
. (2.71)
2. We develop the product and use normal ordering, making the different two-points correlators appear
T µ (x) =
1
(2pi)3
∫
p⃗1,σ1
∫
p⃗2,σ2
[
u¯χ (p⃗1, σ1) γ
µ (k1 − k2γ5)uφ (p⃗2, σ2) e−i(p1−p2)x
〈
a†χ (p⃗1, σ1) aφ (p⃗2, σ2)
〉
+u¯χ (p⃗1, σ1) γ
µ (k1 − k2γ5) vφ (p⃗2, σ2) e−i(p1+p2)x
〈
a†χ (p⃗1, σ1) b
†
φ (p⃗2, σ2)
〉
+v¯χ (p⃗1, σ1) γ
µ (k1 − k2γ5)uφ (p⃗2, σ2) e−i(−p1−p2)x 〈bχ (p⃗1, σ1) aφ (p⃗2, σ2)〉
−v¯χ (p⃗1, σ1) γµ (k1 − k2γ5) vφ (p⃗2, σ2) e−i(p2−p1)x
〈
b†φ (p⃗2, σ2) bχ (p⃗1, σ1)
〉]
. (2.72)
3. We use assumptions on the medium (e.g. homogeneity, neutrality, etc) to simplify the different cor-
relators and compute Γαβ .
We now use this procedure to compute the matter contribution, induced by neutrino interactions with
electrons, protons and neutrinos in the medium, as well as the neutrino self-interaction contribution.
Matter Contribution
We consider CC and NC interactions of neutrinos with an unpolarized, electrically-neutral background of
electrons, protons, and neutrons (see figure 2.4). While electron neutrinos can interact through both pro-
cesses, muon and tau neutrinos are affected only by NC interactions.
W±
e− νe
νe e−
Z0
e−, p, n νx
e−, p, n νx
Figure 2.4: Feynman diagrams of the CC andNC interactions involved in the propagation of neutrino in a typical astrophysical environ-
ment. The CC interactions (left) involves only electron neutrinos, while the NC interactions are ćavor blind: they can involve any neutrino
ćavor.
Wederive theΓ
(−)
ν
(−)
ν matter contributions in the flavor basis, as, by definition, thematter interaction kernel
is diagonal in this basis. We follow the procedure of section 2.2.2 in order to compute the CC contribution
due to neutrino electron scattering
T µCC (x) =
〈
ψ¯e (x) γ
µ (1− γ5)ψe (x)
〉
, (2.73)
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where ψe is the electron fermionic field, and the NC contribution
T µNC (x) =
∑
f=e−,p,n
〈
ψ¯f (x) γ
µ
(
cfv − vfaγ5
)
ψf (x)
〉
, (2.74)
where the ψf are the fermionic field for particle f = e−, p, n. We assume that the background is homoge-
neous, and suppose that there are only forward and elastic scattering so that
ρf (t, p⃗1, σ1, p⃗2, σ2) ≡
〈
a†f (p⃗2, σ2) af (p⃗1, σ1)
〉
= δσ1,σ2δ
(3) (p⃗1 − p⃗2) ρf (t, p⃗1) , (2.75)
with f = e−, p, n. Using the procedure of section 2.2.2 and trace techniques, we get for the CC interaction
T µCC (x) =
1
(2pi)3
∫
p⃗1,σ1
u¯e (p⃗1, σ1) γ
µ (1− γ5)ue (p⃗1, σ1) ρe (p⃗1, σ1) , (2.76)
= −
∫
d3p⃗e
(2pi)3
2ipµe
p0e
ρe (t, p⃗e) , (2.77)
≡ −iJe,µ, (2.78)
which gives the CC kernel, in the flavor basis
ΓCCαβ =
−iGF√
2
γµ (1− γ5) Je,µδαβδαe. (2.79)
The same computation can be done for the NC contribution (2.74), and we get
ΓNCαβ =
−iGF√
2
γµ (1− γ5)
∑
f=e−,p,n
cfvJ
f,µδαβ. (2.80)
Assuming that the background is electrically neutral, we have Je,µ = Jp,µ. We then use the value of the
coefficients cfv = I3 − 2qf sin2 θW and obtain
ΓNCαβ =
−iGF√
2
γµ (1− γ5)
(
−1
2
Jn,µ
)
δαβ, (2.81)
which finally gives the entire matter contribution, adding Eqs. (2.79) and (2.81)
Γmatαβ =
−iGF√
2
γµ (1− γ5) δαβ
(
δαeJ
e,µ − 1
2
Jn,µ
)
. (2.82)
Using the expression of the kernel and chiral spinor products A, introducing the notation qˆ = q⃗
q
, where
q = |q⃗|, as the unit vector in the direction of q⃗ and the vectors nµ (qˆ) and ϵµ (qˆ) as defined in Appendix A,
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we obtain, for Dirac neutrinos
Γννmatij (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ − q⃗ ′) [−δh,−δh,h′nµ (qˆ) · Σmatµ,ij
+δh,−h′
(
mj
2q
δh,−eiφϵµ∗ (qˆ) +
mi
2q
δh,+e
−iφϵµ (qˆ)
)
· Σmatµ,ij
]
, (2.83)
Γν¯ν¯,matij (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ − q⃗ ′) [−δh,+δh,h′nµ (qˆ) · Σmatµ,ij
−δh,−h′
(
mj
2q
δh,+e
iφϵµ∗ (qˆ) +
mi
2q
δh,−e−iφϵµ (qˆ)
)
· Σmatµ,ij
]
, (2.84)
Γνν¯,matij (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ + q⃗ ′)
[−δh,−δh,−h′ϵµ∗ (qˆ) · Σmatµ,ij
+δh,h′
(
mi
2q
δh,+e
−iφnµ (−qˆ) + mj
2q
δh,−eiφnµ (qˆ)
)
Σmatµ,ij
]
, (2.85)
whereΣ,mat,µij is the matrix
Σmat,µαβ =
√
2GF δαβ
(
δαeJ
e,µ − 1
2
Jn,µ
)
, (2.86)
expressed in the mass basis. For Majorana neutrinos, we get
Γνν,matM (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ − q⃗ ′) [δh,h′nµ (qˆ) (−δh,−Σmatµ + δh,+Σmat,ᵀµ )
+δh,−h′δh,+e−iφϵµ (qˆ)
(
m
2q
· Σmatµ + Σmat,ᵀµ ·
m
2q
)
+δh,−h′δh,−eiφϵµ∗ (qˆ)
(
Σmatµ ·
m
2q
+
m
2q
· Σmat,ᵀµ
)]
, (2.87)
Γνν¯,matM (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ + q⃗ ′)
[
δh,−h′ϵµ∗
(−δh,−Σmatµ + δh,+Σmat,ᵀµ ) (2.88)
+δh,h′δh,+e
−iφ
(
nµ (−qˆ) m
2q
· Σmatµ − nµ (qˆ) Σmat,ᵀµ ·
m
2q
)
(2.89)
+δh,h′δh,−eiφ
(
nµ (qˆ) Σmatµ ·
m
2q
− nµ (−qˆ) m
2q
· Σmat,ᵀµ
)]
, (2.90)
wherem is the mass matrix,m = diag (mi) in the mass basis.
28
These terms can be reduced to the well-knownmatter potential, as discussed in section 2.2.3, and produce
the Mikheev-Smirnov-Wolfenstein (MSW) effect which will be discussed below (see section 2.3). Note that
the expressions above all include first order corrections to the relativistic limit, proportional to m
q
. The role
of these corrections is discussed in Chapter 4.
Self-interaction Contribution
In dense astrophysical environments, neutrino self-interactions become relevant as neutrino densities can
be very large. It has been shown in 1993 [36] that these contributions can lead to new phenomena different
from the MSW effect, as they introduce nonlinearity in the evolution equations. Since the first numerical
investigation of this term in the context of Supernova neutrino [11], these interactions have triggered an
intense theoretical activity, which will be discussed in Chapter 3.
The NC neutrino self-interaction termHamiltonian is, in the contact-interaction approximation (2.9)
Hself (x) = GF
4
√
2
∑
α,β
(
ψ¯να (x) γµ (1− γ5)ψνα (x)
) (
ψ¯νβ (x) γ
µ (1− γ5)ψνβ (x)
)
. (2.91)
It was first pointed out by Pantaleone in 1992 [10] that this term is quite different from the matter term
derived above, as it also includes non-diagonal contributions. Furthermore, this interaction is intrinsically
nonlinear.
As this term involves a sum on neutrino flavors, it has the same form in the mass basis. Therefore, we
will compute the interaction kernel in this basis. We estimate the background potential created by these
interactions by using a Wick-like transformation and Fierz identity [36]
(
ψ¯ναγ
µ (1− γ5)ψνα
) (
ψ¯νβγµ (1− γ5)ψνβ
)→ 〈ψ¯ναγµ (1− γ5)ψνα〉 (ψ¯νβγµ (1− γ5)ψνβ)
+
(
ψ¯ναγ
µ (1− γ5)ψνα
) 〈
ψ¯νβγµ (1− γ5)ψνβ
〉
+
〈
ψ¯ναγ
µ (1− γ5)ψνβ
〉 (
ψ¯νβγµ (1− γ5)ψνα
)
+
(
ψ¯ναγ
µ (1− γ5)ψνβ
) 〈
ψ¯νβγµ (1− γ5)ψνα
〉
− 〈ψ¯ναγµ (1− γ5)ψνα〉 〈ψ¯νβγµ (1− γ5)ψνβ〉− 〈ψ¯ναγµ (1− γ5)ψνβ〉 〈 ψ¯νβγµ (1− γ5)ψνα〉 ,
(2.92)
where we omitted the dependence on (x) for readability. Let us analyze and illustrate the different terms
involved in Eq. (2.92).
• The first two terms are diagonal contributions,meaning that thepropagatingneutrinodoesn’t change
its flavor (see an example in the left panel figure 2.5).
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να
Figure 2.5: Illustration of the interaction terms in Eq. (2.92) corresponding to themean-Ćeld approximation for the neutrino self-
interaction terms. Background neutrinos are illustrated as dashed arcs, while the test neutrino is a solid straight line. The left panel cor-
responds to the diagonal contributions, and doesn’t involve a ćavor change. The right panel corresponds to the off-diagonal contributions
andmakes the test neutrino change its ćavor. Antineutrinos also contributes to these terms.
• The third and fourth terms are off-diagonal contributions. They involve the propagating neutrino
changing its flavor (see an example in the right panel figure 2.5).
• The two last terms are not interaction terms and only contribute to the vacuum energy. We eliminate
them for the rest of the calculation.
Using the transformation (2.92), we get the following expression for the neutrino self-interaction kernel
Γselfij =
GF
2
√
2
γµ (1− γ5)
(∑
k
T self,µkk + T
self,µ
ij
)
≡ −i
2
γµ (1− γ5) Σself,µij , (2.93)
where we introduced
T self,µij ≡
〈
ψ¯νjγ
µ (1− γ5)ψνi
〉
. (2.94)
Developing the neutrino fields in T self,µij , we get the expression
T self,µij (x) =
1
(2pi)3
∫
p⃗1,σ1
∫
p⃗2,σ2
[
u¯j (p⃗1, σ1) γ
µ (1− γ5)ui (p⃗2, σ2) e−i(p1−p2)xρij (t, p⃗2, σ2, p⃗1, σ1)
+u¯j (p⃗1, σ1) γ
µ (1− γ5) vi (p⃗2, σ2) e−i(p1+p2)xκ†ij (t, p⃗2, σ2, p⃗1, σ1)
+v¯j (p⃗1, σ1) γ
µ (1− γ5)ui (p⃗2, σ2) e−i(−p1−p2)xκij (t, p⃗2, σ2, p⃗1, σ1)
−v¯j (p⃗1, σ1) γµ (1− γ5) vi (p⃗2, σ2) e−i(p2−p1)xρ¯ij (t, p⃗2, σ2, p⃗1, σ1)
]
. (2.95)
Note that usually, themean-field term associated to neutrino self-interactions do not include the κ contri-
butions. Using the expression of the kernel and chiral spinor products (Appendix A), we obtain, for Dirac
neutrinos
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Γνν,selfij (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ − q⃗ ′) [−δh,−δh,h′nµ (qˆ) · Σselfµ,ij
+δh,−h′
(
mj
2q
δh,−eiφϵµ∗ (qˆ) +
mi
2q
δh,+e
−iφϵµ (qˆ)
)
· Σselfµ,ij
]
, (2.96)
Γν¯ν¯,selfij (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ − q⃗ ′) [−δh,+δh,h′nµ (qˆ) · Σselfµ,ij
−δh,−h′
(
mj
2q
δh,+e
iφϵµ∗ (qˆ) +
mi
2q
δh,−e−iφϵµ (qˆ)
)
· Σselfµ,ij
]
, (2.97)
Γνν¯,selfij (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ + q⃗ ′)
[−δh,−δh,−h′ϵµ∗ (qˆ) · Σselfµ,ij
+δh,h′
(
mi
2q
δh,+e
−iφnµ (−qˆ) + mj
2q
δh,−eiφnµ (qˆ)
)
Σselfµ,ij
]
. (2.98)
For Majorana neutrinos, a similar expression to Eq. (2.95) is obtained by replacing the Dirac two-point
correlators byMajorana ones (2.52- 2.55). For the kernels, we get
Γνν,selfM (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ − q⃗ ′) [δh,h′nµ (qˆ) (−δh,−Σselfµ + δh,+Σself,ᵀµ )
+δh,−h′δh,+e−iφϵµ (qˆ)
(
m
2q
· Σselfµ + Σself,ᵀµ ·
m
2q
)
+δh,−h′δh,−eiφϵµ∗ (qˆ)
(
Σselfµ ·
m
2q
+
m
2q
· Σself,ᵀµ
)]
, (2.99)
Γνν¯,selfM (t, q⃗, h, q⃗
′, h′) = δ(3) (q⃗ + q⃗ ′)
[
δh,−h′ϵ∗,µ
(−δh,−Σselfµ + δh,+Σself,ᵀµ )
+δh,h′δh,+e
−iφ
(
nµ (−qˆ) m
2q
· Σselfµ − nµ (qˆ) Σself,ᵀµ ·
m
2q
)
+δh,h′δh,−eiφ
(
nµ (qˆ) Σselfµ ·
m
2q
− nµ (−qˆ) m
2q
· Σself,ᵀµ
)]
. (2.100)
As mentioned before, the equations derived in this section include all first-order corrections to the rela-
tivistic limit. The corresponding contributions require an anisotropy of the medium to be non-zero. They
create a coupling between the active and sterile component (”wrong helicity” component) of (anti)neutrinos
in theDirac case or between neutrinos and antineutrinos in theMajorana case. We explore their role in detail
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in Chapter 4 in a detailed astrophysical environment.
The equations above can be simplified in the case of ultra-relativistic neutrinos propagating in a homoge-
neous system (see below) and will be used hereafter when studying neutrino propagation.
2.2.3 Homogeneous system in the ultra-relativistic limit
In this section, we compute the expressions for the Γ
(−)
ν
(−)
ν matrices in the special case of a spatially homoge-
neous system and assuming that neutrinos are ultra-relativistic. Therefore, only positive-helicity neutrinos
and negative-helicity antineutrinos are involved. We also neglect the pair-correlators κ, which role will not
be explored in this thesis; consequently, we do not need to calculate the matrices Γνν¯ (or Γνν¯).
The equations derived below are the equations generally used when studying neutrino flavor evolution
in astrophysical environments. In the first project (Chapter 4), we study the effects of the helicity coherence
terms and highlight how they modify the structure of the equations derived below. The same equations are
used in Chapter 5 to study the effect on nonstandard interactions.
For Dirac neutrinos, we can restrict ourselves to the following two-point correlators
ρ (t, q⃗,−, q⃗ ′,−) = δ(3) (q⃗ − q⃗ ′) ρ (t, q⃗) , (2.101)
ρ¯ (t, q⃗,+, q⃗ ′,+) = δ(3) (q⃗ − q⃗ ′) ρ¯ (t,−q⃗) , (2.102)
and as the spatial homogeneity implies Γ˜ij (t, q⃗) = δ(3) (q⃗) Γ˜ij (t), the only non-zero contributions to the
Γ
(−)
ν
(−)
ν matrices are
Γνν (t, q⃗,−, q⃗ ′,−) = δ(3) (q⃗ − q⃗ ′) Γνν (t, q⃗) , (2.103)
Γν¯ν¯ (t, q⃗,+, q⃗ ′,+) = δ(3) (q⃗ − q⃗ ′) Γν¯ν¯ (t,−q⃗) . (2.104)
The choice of sign in the argument is such that all particles appear with the samemomentum q⃗ in the evolu-
tion equations derived below.
For Majorana neutrinos, we introduce
ρM (t, q⃗,−, q⃗ ′,−) = δ(3) (q⃗ − q⃗ ′) ρM (t, q⃗) , (2.105)
ρM (t, q⃗,+, q⃗
′,+) = δ(3) (q⃗ − q⃗ ′) ρ¯ᵀM (t, q⃗) , (2.106)
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and the only non-zero contributions to the Γ
(−)
ν
(−)
ν
M matrices are
ΓννM (t, q⃗,−, q⃗ ′,−) = δ(3) (q⃗ − q⃗ ′) ΓννM (t, q⃗) , (2.107)
ΓννM (t, q⃗,+, q⃗
′,+) = −δ(3) (q⃗ − q⃗ ′) Γν¯ν¯ᵀM (t, q⃗) . (2.108)
We derive below the expressions for these new matrices. The evolution equations are, for Dirac neutrinos
iρ (t, q⃗) = [Γνν (t, q⃗) , ρ (t, q⃗)] , (2.109)
iρ¯ (t, q⃗) = [Γν¯ν¯ (t, q⃗) , ρ¯ (t, q⃗)] , (2.110)
These are the equations generally used to study neutrino flavor evolution. Although their structure is similar
to the one of equations (2.48 - 2.50), taking κ = 0, note that the matrices involved in (2.109, 2.110) are now
nf ×nf matrices as they only involve a flavor structure. ForMajorana neutrinos, we get the set of equations
iρM (t, q⃗) = [Γ
νν
M (t, q⃗) , ρM (t, q⃗)] , (2.111)
iρ¯M (t, q⃗) = [Γ
ν¯ν¯
M (t, q⃗) , ρ¯M (t, q⃗)] , (2.112)
which have a similar structure as equations (2.59 - 2.60), taking κM = 0, but now involve nf × nf matrices.
Based on the equations derived in section 2.2.2, we now give the vacuum, matter and self-interaction
contributions to the kernels (2.103, 2.104) —(2.107, 2.108) for Majorana neutrinos—, for a homogeneous
system in the ultra-relativistic limit.
Vacuum contribution
Using the notation introduced previously, we use equations (2.62-2.65) and get for Dirac neutrinos
Γνν,vac (t, q⃗) = −Γν¯ν¯,vac (t, q⃗) = h0 (q⃗) , (2.113)
with h0 = diag (q0i ) in the mass basis. For Majorana neutrinos, we get from equations (2.66, 2.67)
Γνν,vacM (t, q⃗) = −Γν¯ν¯,vacM (t, q⃗) = h0 (q⃗) . (2.114)
Matter contribution
We introduce the particle number densities for the fermion f = e−, p, n
nf ≡ Jf,0, (2.115)
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and the scalar and vector contributions, diagonal in the flavor basis
hmatαβ =
√
2GF δαβ
(
ne (t) δαe − 1
2
nn (t)
)
, (2.116)
V⃗ matαβ =
√
2GF δαβ
(
J⃗e (t) δαe − 1
2
J⃗n (t)
)
. (2.117)
With these definitions, we use equations (2.83-2.85) and get for Dirac neutrinos
Γνν,mat (t, q⃗) = hmat − qˆ · V⃗ mat, (2.118)
Γν¯ν¯,mat (t, q⃗) = hmat + qˆ · V⃗ mat. (2.119)
In the Majorana case, equations (2.87, 2.90) become
Γνν,matM (t, q⃗) = Γ
ν¯ν¯,mat
M (t, q⃗) = h
mat − qˆ · V⃗ mat. (2.120)
Thematter potentials (2.118, 2.119)—2.120) forMajorana neutrinos— are generally used when describing
neutrino propagation in matter. In section 2.3, we use these expressions to unravel the MSW effect.
Self-interaction contribution
Using the definitions (2.103, 2.104) and setting κ = 0, Eq. (2.95) becomes for Dirac neutrinos
T self,µij (x) = −2i
1
(2pi)3
∫
q⃗
[nµ (qˆ) (ρij (t, q⃗)− ρ¯ij (t,−q⃗))] , (2.121)
and similarly for Majorana neutrinos, using (2.107, 2.108), with ρ and ρ¯ replaced by ρM and ρ¯M . We intro-
duce
hself =
√
2GF
{∫
q⃗
(ρ (t, q⃗)− ρ¯ (t,−q⃗)) + 1
∫
q⃗
(Tr ρ (t, q⃗)− Tr ρ¯ (t,−q⃗))
}
, (2.122)
where 1 is the nf × nf identity matrix, and
V⃗ self =
√
2GF
{∫
q⃗
qˆ (ρ (t, q⃗)− ρ¯ (t,−q⃗)) + 1
∫
q⃗
qˆ (Tr ρ (t, q⃗)− Tr ρ¯ (t,−q⃗))
}
. (2.123)
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Note that the terms proportional to the identity cannot be discarded, as usually done, in the presence of
helicity coherence. With these definitions, we use equations (2.96-2.98) and get for Dirac neutrinos
Γνν,self (t, q⃗) = hself − qˆ · V⃗ self, (2.124)
Γν¯ν¯,self (t, q⃗) = hself + qˆ · V⃗ self. (2.125)
In the Majorana case, equations (2.99, 2.100) become
Γνν,selfM (t, q⃗) = Γ
ν¯ν¯,self
M (t, q⃗) = h
self − qˆ · V⃗ self. (2.126)
These contributions to the kernels are the one generally used when describing neutrino propagation in
dense astrophysical environments. In Chapter 4, we use a modified version of these equations to study the
impact of helicity coherence terms on neutrino flavor evolution. In Chapter 5, they will be used to assess the
effects of matter-neutrino nonstandard interactions.
In the following we discuss the impact of the matter terms derived above that produce the MSW effect.
This effect, nowadays well established experimentally, is a reference for the investigation of matter effects in
general in astrophysical environments such as core-collapse supernovae and accretion disks around compact
objects.
2.3 Neutrino propagation in matter: theMSW effect
When neutrinos propagate in matter, they can undergo significant flavor conversions, due to the so-called
MSW effect [8, 37]. This effect arises from the interactions of neutrinos with particles —neutrons, protons,
electrons— composing the medium through which neutrinos propagate. The solar neutrino deficit prob-
lem, first observed by the Homestake experiment and discussed in Section 2.4.1, led to the discovery of this
conversion phenomenon.
In this section,we studyneutrinopropagation in ahomogeneous environmentwhereneutrino self-interaction
is negligible —typically, the Sun—, and in the ultra-relativistic approximation. We also consider the matter
as isotropic. We study hereDirac neutrinos, but the results in theMajorana case are unchanged. We consider
a two-neutrino schemewith one electron neutrino νe and another flavor νx withx = µ or τ —asmuon and
tau neutrinos have the same potential in matter—, and two massive states ν1 and ν2.
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With these assumptions, the equations (2.109, 2.110) become
iρ (t, q⃗) = [h (t, q⃗) , ρ (t, q⃗)] , (2.127)
iρ¯ (t, q⃗) =
[
h¯ (t, q⃗) , ρ¯ (t, q⃗)
]
, (2.128)
where h (t, q⃗) = h0 (q⃗) + hmat (t) and h¯ (t, q⃗) = −h0 (q⃗) + hmat (t), as well as ρ and ρ¯, are 2× 2matrices.
Using the expression of the mixing matrix (2.32), as well as q0 = q
(
1 +
m2i
2q2
)
where q = |q⃗| we express h
and h¯ in the flavor basis
h (t, q⃗) =
∆m2
4q
−c2θ s2θ
s2θ c2θ
+√2GFne (t)
1 0
0 0
 , (2.129)
h¯ (t, q⃗) = −∆m
2
4q
−c2θ s2θ
s2θ c2θ
+√2GFne (t)
1 0
0 0
 , (2.130)
where we introduced c2θ ≡ cos 2θ and s2θ ≡ sin 2θ, removed the component proportional to identity in
the expression of hmat (2.116) and set V⃗ mat = 0⃗ (2.117), as the matter is isotropic.
For the discussion below, let us focus on the neutrino sector. A similar procedure can be used for antineu-
trinos, replacing h by h¯. TheHamiltonian h is a real matrix, and can be diagonalized instantaneously by the
orthogonal transformation
U˜ᵀ (t, q⃗)h (t, q⃗) U˜ (t, q⃗) = K˜ (t, q⃗) , (2.131)
where K˜ (t, q⃗) = diag
(
k˜1 (t, q⃗) , k˜2 (t, q⃗)
)
with k˜1 (t, q⃗) , k˜2 (t, q⃗) the instantaneous eigenvalues of h in
matter, and U˜ (t, q⃗) is the instantaneous mixing matrix in matter,
U˜ (t, q⃗) =
 cos θ˜ (t, q⃗) sin θ˜ (t, q⃗)
− sin θ˜ (t, q⃗) cos θ˜ (t, q⃗)
 , (2.132)
and θ˜ (t, q⃗) is the effective mixing angle in matter, related to the vacuum mixing angle θ through the trans-
formation (from Eq. (2.129))
tan 2θ˜ (t, q⃗) =
2hex (t, q⃗)
hxx (t, q⃗)− hee (t, q⃗) =
tan 2θ
1− 2
√
2GF qne(t)
∆m2c2θ
. (2.133)
This transformation defines the so-calledmatter basis |ν˜k〉, in which theHamiltonian is diagonal. The eigen-
values k˜1 (t, q⃗) , k˜2 (t, q⃗) can be easily found from the (instantaneous) diagonalization ofh (t, q⃗) (2.129), and
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we get
k˜2 (t, q⃗)− k˜1 (t, q⃗) =
√(
∆m2
2q
c2θ −
√
2GFne (t)
)2
+
(
∆m2
2q
)2
s22θ. (2.134)
Introducing the density matrix in matter, ρ˜ (t, q⃗) = U˜ᵀ (t, q⃗) ρ (t, q⃗) U˜ (t, q⃗), its evolution equation be-
comes
i ˙˜ρ (t, q⃗) =
[
h˜ (t, q⃗) , ρ˜ (t, q⃗)
]
, (2.135)
where
h˜ (t, q⃗) = K˜ (t, q⃗) + i ˙˜Uᵀ (t, q⃗) U˜ (t, q⃗) =
k˜1 (t, q⃗) −i ˙˜θ (t, q⃗)
i ˙˜θ (t, q⃗) k˜2 (t, q⃗)
 . (2.136)
From Eq. (2.133), it appears that the effective mixing angle in matter becomes maximal θ˜ = pi
4
when the
so-called MSW resonance condition
hxx (t, q⃗)− hee (t, q⃗) = 0⇔ ne (tr, q⃗) ≡ nre (q) =
∆m2c2θ
2
√
2GF q
, (2.137)
is met at time t = tr. At very large density (ne ≫ nre), θ˜ ≈ pi2 and the flavor andmass bases almost coincide.
Near the resonance, the value of θ˜ varies quickly as a function of the electron density. At very small density
(ne ≪ nre), θ˜ is close to the vacuummixing angle θ. Note that for antineutrinos, the same approach gives us
the resonance condition
h¯xx (t, q⃗)− h¯ee (t, q⃗) = 0⇔ nre (q) = −
∆m2c2θ
2
√
2GF q
. (2.138)
As the maximum value of the matter mixing angle θ˜ does not depend on the value of the vacuum mixing
angle θ, it is possible to have complete transitions between two neutrino flavors even with a small vacuum
mixing angle. From equations (2.137, 2.138), it appears that the resonance condition can be fulfilled either by
neutrinos or by antineutrinos. Contrarily to neutrino oscillations in vacuum, theMSWresonance condition
depends on the sign of the∆m2.
Because the matter mixing matrix U˜ is not constant in time, the effective matter Hamiltonian h˜ is not di-
agonal, whichmeans that transitions betweenmatter eigenstates can occur in time. Hence, we introduce the
notion of adiabaticity: the resonance is said adiabatic if there are no transitions between matter eigenstates,
and non-adiabatic if there are jumps between them. This notion can be quantified introducing the so-called
adiabaticity parameter at the MSW resonance
γ (t, q⃗) =
∣∣∣k˜2 (t, q⃗)− k˜1 (t, q⃗)∣∣∣∣∣∣dθ˜dt (t, q⃗)∣∣∣ . (2.139)
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k˜
k˜2
k˜1
ν˜2 ≈ νe
ν˜1 ≈ νx
ν˜2 ≈ ν2
ν˜1 ≈ ν1
Figure 2.6: Instantaneous eigenvalues k˜2 (blue, solid line) and k˜1 (magenta, dashed line) of the Hamiltonianh (t, q⃗), as a function of the
electron densityne. As high density (ne ≫ nre), the ćavor andmatter bases almost coincide. At low density (ne ≪ nre), themass and
matter bases almost coincide. The difference between the eigenvalues k˜1, k˜2 is minimal at theMSW resonance.
If γ ≫ 1 along the neutrino trajectory, then transitions between the matter eigenstates are negligible. From
the equation above, it appears that the evolution is adiabatic if the electron density varies smoothly enough.
Figure 2.6 can be used in order to understand how the presence of such an adiabatic MSW resonance
can lead to almost complete transitions from νe to νx. Consider here neutrinos produced near the core of a
star. If the electron density ne is very large, then electron neutrinos νe are produced almost as pure matter
eigenstates ν˜2 as the effectivemixing angle inmatter is suppressed. Propagating outwards, the neutrinos will
cross the MSW resonance at ne = nre, where the energy gap
∣∣∣k˜2 − k˜1∣∣∣ is minimal.
If the evolution is adiabatic, then there are no transitions from ν˜2 to ν˜1. The neutrinos will continue to
propagate asmatter eigenstates ν˜2. As they exit the star and the electron density becomes null, thematter and
mass bases coincide and the emitted neutrinos become ν2 = sin θνe+cos θνx ≈ νx for a smallmixing angle
θ. Therefore, despite a small vacuummixing angle, severe flavor conversions are achieved. This phenomenon
has attracted a lot of interest since, even with a small vacuummixing angle, adiabatic evolution through the
resonance could produce significant flavor conversions. It turns out however that in the case of the Sun, the
vacuum mixing angle θ is large enough to begin with (θ12 ≈ 33◦, see section 2.4.2). On the other hand, if
the evolution is not adiabatic, it is possible to have ν˜2 to ν˜1 transitions, and those ν˜1 neutrinos become ν1 in
vacuum, outside of the star, which is mostly νe. Therefore, in the non-adiabatic case, the MSW resonance
leads to little flavor conversions.
In the following section, we discuss the role of neutrino flavor conversions induced bymatter in the case of
solar neutrinos, and how theMSW effect has been discovered. We discuss the values of neutrino oscillation
parameters and highlight key open questions which will be addressed by experiments in the future.
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(pp) p+ p→2H+ e+ + νe p+ e− + p→2H+ νe (pep)
99.6% 0.4%
2H+ p→3He+ γ
3He+3He→4He+ 2p
ppI
85%
3He+ p→4He+ e+ + νe
(hep)
2× 10−5%
3He+4He→7Be+ γ
15%
99.87%
(7Be) 7Be+ e− →7Li+ νe
7Li+ p→ 2 4He
ppII
0.13%
7Be+ p→8B+ γ
8B→8Be∗ + e+ + νe (8B)
8Be∗ → 2 4He
ppIII
Figure 2.7: The pp chain of stellar thermonuclear reactions. Protons (p) are converted into Helium, producing neutrinos (νe) along the
way. The traditional names of the neutrino-producing reactions are given, and percentages indicate branching ratios. Figure adapted from
Ref. [19].
2.4 Neutrino oscillations: experimental status
2.4.1 Solar neutrinos
Thermonuclear reactions in main sequence stars are responsible for their energy and neutrino production.
The so-called pp chain (figure 2.7) produces 99% of the energy of low-mass stars such as the Sun, while the
CNO cycle (figure 2.8) dominates for high-mass stars [38]. Both processes transform protons into helium,
creating electron neutrinos through nuclear reactions. The fluxes received on earth can be predicted using
the standard solar model [39].
The first solar neutrino experiment was lead by R. Davis, Jr. and collaborators in the late 1960s, in the
Homestake mine, based on the νe absorption on 37Cl [1]
νe +
37Cl→37Ar+ e−, (2.140)
which threshold is 814 keV. From the standard solarmodel calculations, the dominant source in the chlorine
experiment is 8Bneutrinos,with 7Beneutrinos the seconddominant source, andpep, 13Nand 15Oneutrinos
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12C+ p→13N+ γ 13N→13C+ e+ + νe (13N)
15N+ p→12C+4He 13C+ p→14N+ γ
(15O) 15O→15N+ e+ + νe 14N+ p→15O+ γ
15N+ p→16O+ γ 17O+ p→14N+4He
16O+ p→17F+ γ 17F→17O+ e+ + νe (17F)
Figure 2.8: The CNO cycle of stellar thermonuclear reactions, with the produced neutrinos (νe). Percentages indicate branching ratios.
Figure adapted fromRef. [19].
Figure 2.9: Solar neutrino ćuxes predicted by the standard solar model [39], with its uncertainties. The continuous spectra are given in
units of cm−2s−1MeV−1 while the line spectra are given in cm−2s−1. Figure adopted fromRef. [40].
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giving subdominant contributions (see Fig. 2.9). In this experiment, only a third of the expected fluxes
was measured. The measurements of such a reduced neutrino flux, compared to the standard solar model
predictions, defined the so-called ”solar deficit neutrino problem”, and questioned the standard solar model.
Gallium experiments (SAGE from 1989 at Baksan in Russia [41], GALLEX from 1998 to 2003 [42, 43] and
GNO from 1998 to 2003 [44] at Gran Sasso in Italy) based on the reaction
νe +
71Ga→71Ge+ e−, (2.141)
which threshold is 233 keV, were mostly sensitive to pp neutrinos and measured only about half on the
expected flux.
In 1987, theKamiokande experiment inKamioka, Japanobserved in real-timeneutrinosusing aCherenkov
dector [45], through the scattering
νx + e
− → νx + e− (ES), (2.142)
giving information on the time, energy and direction of the propagating neutrinos. Its successor, Super-
Kamiokande [3, 46, 47, 48] observed in 1996 pure 8B solar neutrinos and measured about half the expected
electron neutrino flux. In 1999, the new real-time experiment SNO in Sudbury, Canada brought an impor-
tant contribution to the solar neutrino problem [24]. This experiment used ultra-heavy pure heavy water
(D2O) to observe 8B solar neutrinos via the NC and CC processes
νe + d→ e− + p+ p (CC), (2.143)
and
νx + d→ νx + n+ p (NC), (2.144)
as well as elastic scattering on electrons (2.142). The observed total neutrino fluxwas consistentwith the stan-
dard solar model predictions, showing that solar electron neutrinos convert into the other active flavor (see
e.g. figure 2.10). These results were consistent with the absence of a day-light asymmetry for solar neutrinos
in Super-Kamiokande.
The observed fluxes can be explained by neutrino oscillations in vacuum and theMSW effect. Indeed, in
the center of the Sun, the electron number density is about 100NAcm−3 and decreases monotonically when
propagating towards the surface. Using standard neutrino oscillation parameters (see section 2.4.2), figure
2.11 shows the resonant electron number density (2.137) as a function of the neutrino energy, and compares
it to the electron number density in the center of the Sun. MSW resonant conversions are possible only
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Figure 2.10: Left panel: Flux of 8B solar neutrinos which areµ or τ ćavor vs ćux of electron neutrinos deduced from the three neutrino
reactions in SNO. The diagonal bands show the total 8B ćux as predicted by the SSM (dashed lines) and that measuredwith the NC reac-
tion in SNO (solid band). The intercepts of these bands with the axes represent the±1σ errors. The bands intersect at the Ćt values for
φe andφµτ , indicating that the combined ćux results are consistent with neutrino ćavor transformation assuming no distortion in the
8B neutrino energy spectrum. Right panel: Distribution of events as a function of the cosine of the azymuthal angle θ⊙. Also shown are
theMonte Carlo predictions for CC, ES andNC + bkgd neutron events scaled to the Ćt results, and the calculated spectrum of Cherenkov
background (Bkgd) events. The dashed lines represent the summed components, and the bands show±1σ uncertainties. Figures and
captions adopted from [24].
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Figure 2.11: Left panel: Resonant electron number density (2.137) (solid, purple line) in units ofNAcm−3 as a function of the neutrino
energy inMeV. The electron number density in the center of the Sun is shown as a dashed, blue line. Right panel: Survival probabilities for
pp, pep, 7Be, and 8B neutrinos deduced from global solar neutrinos analyses, Borexino, and the SNO combined analyses, compared to the
MSWprediction, taking into account present uncertainties onmixing angles, from Ref. [49], with pep result fromRef. [50] added. Figure
adopted fromRef. [51].
if the MSW resonant electron density is smaller than the electron density at the neutrino emission point.
Therefore, for energies smaller than∼ 2MeV, no resonant conversions are possible: the low energy neutrino
deficit canbe explainedusing the average transitionprobability in vacuum. However, for energies larger than
∼ 2MeV, neutrinos undergoMSW resonant conversions.
Recently, the Borexino experiment inGran Sasso, Italymeasured the low-energy part of the solar neutrino
flux, namelypep, pp and 7Beneutrinos [52, 50, 53], and the experimentKamLAND[54], anultra-pure liquid
scintillator detector,measured the 7Beneutrino flux. The ensemble of these results is consistentwith vacuum
averaged-oscillations at low energy andMSWresonant conversions at high energy. Note that neutrinos from
CNO cycle are yet to be detected.
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2.4.2 Neutrino oscillation parameters
Status
In the three-flavor neutrino framework, it appears from Eq. (2.31) that there are six oscillations parameters:
the mass-squared differences ∆m212, ∆m213 and ∆m223, and the vacuum mixing angles θ12, θ13 and θ23 in-
troduced as
cos2 θ12 =
|Ue1|2
1− |Ue3|2
, sin2 θ12 =
|Ue2|2
1− |Ue3|2
, (2.145)
sin2 θ13 = |Ue3|2 , (2.146)
cos2 θ23 =
|Uτ3|2
1− |Ue3|2
, sin2 θ23 =
|Uµ3|2
1− |Ue3|2
, (2.147)
as well as the Dirac CP-violating phase δ. If neutrinos areMajorana particles, two additional phasesα21, α31
are included in the mixing matrix 2. From the definition of the mass-squared differences∆m2ij , it appears
that
∆m221 +∆m
2
32 = ∆m
2
31. (2.148)
Therefore, only two of the three mass-squared differences are independent.
We choose to order the massive neutrinos such thatm1 < m2 such that∆m221 > 0: then, we have either
m1 < m2 < m3 (normal mass ordering) orm3 < m1 < m2 (inverted mass ordering). As the mass square
differences are such that |∆m231| ≈ |∆m232| ≫ ∆m221, the larger difference∆m231 (or∆m232) is associated
with the observation of oscillations of atmospheric and accelerator νµ and ν¯µ, and of reactor ν¯e at a distance
L ∼ 1 km, while the smaller difference∆m221 is associated with the observation of solar νe oscillations [55].
From the observation of the MSW effect for νe in the Sun, it appears that ∆m221 cos 2θ21 > 0, which
implies cos 2θ21 > 0. In 2003, Chooz [56] provided an upper bound on the value of θ13. The T2K, Dou-
bleChooz, Daya Bay (with a 5.2σ discovery) and RENO experiments later measured the small value of this
angle. The angle θ12 is identified as the solar mixing angle, while θ23 is identified as the atmospheric mixing
angle. A global analysis of neutrino oscillation datas was done in 2014 [57, 58, 59], and updated in 2016 [60]
including the results of the NOνA [61, 62] and T2K [63, 64] experiments, giving precise measurements of
∆m212,∆m213,∆m223, as well as θ12, θ13 and θ23. The best fit values and the 3σ allowed ranges are presented
in table 2.1 [55]. We will use these parameters for our numerical investigations.
For the Dirac CP-violating phase, the combined analysis [57] shows that the best fit value is δ ∼= 3pi2 ,
while the values δ = pi
2
and δ = 0 (2pi) are disfavored by 3σ and 2σ respectively, and δ = pi is allowed at
approximatively 1.6σ CL (respectively 1.2σ CL) with normal ordering (respectively inverted ordering).
2Note that the Majorana phases do not play a role in vacuum oscillations.
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Parameter Best fit 3σ allowed range
∆m212 7.37× 10−5eV2 6.93− 7.97× 10−5eV2
|∆m2|, NO 2.50× 10−3eV2 2.37− 2.63× 10−3eV2
|∆m2|, IO 2.46× 10−3eV2 2.33− 2.60× 10−3eV2
sin2 θ12 0.297 0.250− 0.354
sin2 θ23, NO 0.437 0.379− 0.616
sin2 θ23, IO 0.569 0.383− 0.637
sin2 θ13, NO 0.0214 0.0185− 0.0246
sin2 θ13, IO 0.0218 0.0186− 0.0248
Table 2.1: The best-Ćt values and 3σ allowed ranges of the 3-neutrino oscillations parameters (fromRef. [60]). The parameter∆m2 is
deĆned as∆m2 = m23 − m
2
1+m
2
2
2 , so that it is positive in case of normal mass ordering (NO), and negative in case of invertedmass
ordering (IO).
Anomalies
The status above is basedon the three-flavorneutrino framework, inwhich the three activeneutrinosνe, νµ, ντ
are combinations of the three massive neutrinos ν1, ν2, ν3 with massesm1,m2,m3, respectively. However,
three anomalies challenge this paradigm:
1. The reactor antineutrino anomaly [65], which is a deficit of about 6% of detected ν¯e compared to the
expected flux in several short-baseline reactor neutrino experiments, due to a re-evaluation of the ν¯e
spectra.
2. The GALLEX [66] and SAGE [41] experiments have reported anomalous results when calibrating
their detectors. Both measured an observed to calculated rate lower than one [67].
3. The LNSD experiment [68, 69], which reported an excess of electron (anti)neutrino events, in con-
tradictionwith the results of the KARMENexperiment using similar beam and detection techniques.
Note that this anomaly was not resolved by the MiniBooNE experiment.
These anomalies could be due to the existence of a fourth light massive neutrino ν4, which corresponds
to a sterile neutrino, which doesn’t couple to the gauge bosons. It is possible to use a global fit analysis of
these experimental results to get best-fit values of the corresponding additional oscillation parameters (see
e.g. Ref. [70]).
The experiments STEREO, DANSS, NEOS, PROSPECT, which have already started collecting data, as
well as SoLiD, are planned to check for the existence of eV sterile neutrinos. So far, they seem tohave excluded
the best-fit values of the reactor antineutrino anomaly.
2.4.3 Future progress
The following points are some of the main goals of the research program in neutrino physics.
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Neutrino nature—Dirac orMajorana
Determining the nature of massive neutrinos —whether they are Dirac or Majorana particle— is a ques-
tion of a fundamental importance, in particular, to understand the origin of neutrino masses as well as the
symmetries governing the lepton sector of the standard model.
Experiments studying neutrino flavor oscillations cannot provide information on the nature of massive
neutrinos. If neutrinos are of Majorana nature, the total lepton charge is not conserved. In order to po-
tentially establish that massive neutrinos are Majorana particles, experiments are searching for neutrino-less
double-beta decay (A,Z) → (A,Z + 2) + e− + e− (see e.g. Ref. [71, 72]). The observation of such a
decay and the measurement of the corresponding half-life might also provide with information on the type
of neutrino mass hierarchy, the absolute neutrino mass scale and the Majorana phases in the PMNSmixing
matrix.
Neutrino mass ordering
As mentioned previously, the sign of the mass squared difference∆m231 (or∆m232) is still unknown, that is,
we need to determine the neutrinomass ordering. The neutrinomass spectrum also needs to be established,
as, depending on the values of the lightest neutrino mass, it could be
• normal hierarchical (NH) ifm1 ≪ m2 < m3,
• inverted hierarchical (IH) ifm3 ≪ m1 < m2,
• quasi-degenerate (QD) ifm1 ∼= m2 ∼= m3.
The combined analysis of all available experimental results shows a preference for normal ordering. The
sign of∆m232 is searched for in long baseline experiments (e.g. NOνA), as well as in experiments studying
the oscillations of atmospheric neutrinos (PINGU, ORCA) and in experiments with reactor antineutrinos
(JUNO [73]).
Neutrino absolute mass scale
The absolute scale of the neutrino mass is, currently, still unknown. Existing constraints onmj come from
experiments measuring the spectrum of electrons near the endpoint in 3H β-decay experiments and from
cosmological and astrophysical data.
The Troitsk experiment [74] obtained the most stringent upper bound on the ν¯e mass
mν¯e < 2.05 eV, (2.149)
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with theMainz experiment [75] giving similar results (mν¯e < 2.3 eV). TheKATRINexperiment is expected
to reach a sub-eV precision [76].
Cosmological constraints on the neutrino mass are model-dependent. Data from the CosmicMicrowave
Background (CMB) observed in the WMAP experiments, along with supernovae data and data on galaxy
clustering can be used to obtain an upper bound on the sum of the neutrino masses. Depending on the
model used, this bound reads
∑
j mj ≲ 0.3− 1.3 eV [77]. Constraints from the Planck collaboration were
published in 2013 and updated in 2015 [78, 79], reporting
∑
j mj ≲ 0.57 eV with a 95% CL. Adding
supernovae data and data on the baryon acoustic oscillations lowers the limit to
∑
j mj ≲ 0.23 eV. Note
that these bounds imply that neutrino masses are much smaller than the masses of charged leptons and
quarks. Such a smallness may be induced by physics beyond the standard model.
Neutrino parameters
High-precision measurements of the neutrino mixing parameters θ13,∆m221, θ12, |∆m231| and θ23 are part
of the research goal. The status of CP symmetry also needs to be clarified. In particular, searches for CP
violation effects are conducted in neutrino oscillation experiments with high-intensity accelerator neutrino
beams, such as T2K or NOνA, and will be pursued by experiments like DUNE.
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3.1 Introduction
Indenseastrophysicalenvironments, such as supernovae (SNe)orbinaryneutron star (BNS)merger
remnants, a huge amount of neutrinos of all types is produced. Because of this, flavor evolution in dense
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astrophysical environments has turned out to be complex. The presence of sizable neutrino self-interactions
makes the study of neutrino evolution intrinsically nonlinear and of many-body nature, as first pointed out
by Pantaleone [10]. The inclusion of such terms [11] has triggered a decade of theoretical investigations.
Models of increasing complexity have revealed a variety of flavor instabilities, some of which have been in-
terpreted in terms of collective conversion phenomena (see, e.g., the reviews [80, 81]).
Flavor instabilities due to the neutrino self-interaction occur in core-collapse SNe, and in accretion disks
aroundblackholes [82] and compact binary systems, includingblackhole–neutron star [83, 84] andneutron
star-neutron star binaries [83, 85, 86]. Such studies are necessary to assess the actual impact on the supernova
dynamics and on the nucleosynthetic r process abundances in neutrino-driven winds in these astrophysical
sites. Observations of future core-collapse SN explosions or of the diffuse supernova neutrino background
require a solid understanding of flavor evolution in media as well.
The origin of heavy elements remains one of the key open questions in nuclear astrophysics. Nucleosyn-
thetic abundances produced in the rapid neutron capture process (r process) are formed in dense neutron-
rich environments [87] including core-collapse supernovae, accretion disks around black holes or binary
compact system remnants. It was first shown in Ref. [88] that r process nuclei could be formed in neutron
star matter. The occurrence of a weak or of a strong r process depends mainly upon the astrophysical condi-
tions and the properties of exotic nuclei. In particular, conditions for a strong r process are met in neutron
starmergers, whereas elementswithA > 130 are not produced in core-collapse supernovae, long-considered
a favorite r process site (see e.g. [89, 90]).
The recent observationof gravitationalwaves fromaBNSmerger event in coincidencewith a short gamma-
ray burst and a kilonova constitute the first experimental evidence for r process nucleosynthesis in such sites
[91, 92]. Weak interactions and neutrinos bring the ejecta to being hot. The role of neutrino flavor evolution
in these environments still needs to be fully assessed.
Calculations of nucleosynthetic abundances of heavy elements show that dynamical ejecta can produce a
strong r process while a weak r process can take place in neutrino-driven winds [93]. In fact, the presence
of a significant amount of neutrinos in neutrino-driven winds influences the buildup of heavy elements
through the electron neutrino and antineutrino interactions with neutrons and protons respectively. Such
interactions tend to be detrimental to the r process since they reduce the number of available neutrons.
The occurrence of flavor conversion phenomena can produce swappings of the neutrino spectra andmodify
the interaction rates that determine the electron fraction, that is, the proton-to-baryon ratio, as shown in
numerous studies (see e.g. Refs. [94, 82, 84]).
In this chapter, we focus ondescribingneutrino evolution in core-collapse SNe andBNSmerger remnants,
starting in Section 3.2 with SNe. The astrophysical scenario, as well as neutrino emissions, are characterized
in Section 3.2.1. We then present how neutrino evolution is modified in SNe compared to neutrinos prop-
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agating in the Sun due to the presence of neutrino self-interactions in Section 3.2.2, and discuss the current
progress in the domain in Section 3.2.3. In Section 3.3, we follow the same outline to describe neutrino prop-
agation in BNSmerger remnants. In particular, we focus in Section 3.3.1 on the astrophysical aspects of such
an event. In Section 3.3.2, wemodel neutrino emissions anddiscuss a newMSW-like resonance phenomenon
appearing in BNSmerger remnants: the matter-neutrino resonance (MNR) as an example. Such aspects set
the bases for Chapters 4 and 5. We conclude in Section 3.3.3 by discussing some open questions remaining
in the field.
3.2 Neutrinos in core-collapse supernovae
3.2.1 General description of core-collapse Supernovae
Astrophysical scenario
The term supernova explosion was first introduced by Baade and Zwicky in 1934, describing the powerful
explosion at the end of the life of a star of massM ≳ 8M⊙, creating a neutron star (NS).
Historically, SNe are labeled depending on their spectroscopic characteristics near their max luminosity
and the properties of their light curve. However, the most important physical characteristic is the mecha-
nism that generates the supernova. Type Ia SNe are created by thermonuclear explosions, while type Ib, Ic,
and II are core-collapse SNe. We are here interested in the latter mechanism, as they produce a large number
of neutrinos of all types. Indeed, during this process, the huge binding energy is mostly radiated as a pulse of
neutrinos and antineutrinos, making it a very interesting site in which to study neutrino flavor conversions.
Note that type Ia SNe can also produce neutrinos, which can be used to discriminate among the thermonu-
clear explosion mechanisms [95]. Because neutrinos typically carry away about 100 times more energy than
the kinetic energy of a typical core-collapse SN, they were proposed in 1966 as possible agents to drive the
SN explosion.
As stars evolve, they start by burning hydrogen to helium to produce energy, with the helium settling in
the core of the star. Because of gravity, the core density will then increase and heat up, so helium will start
burning to carbon. Again, the carbon being heavier will settle in the core, which will contract and heat up
and start burning to neon. Similarly, neon will burn to oxygen, and oxygen will burn to silicon. For stars
of masses larger than 8 − 11M⊙, that silicon can actually be burnt into iron. The star has, therefore, an
onion-shell structure, as shown in Fig. 3.1. At this stage, a typical core has a baryonic mass ranging between
roughly1.3M⊙ and2M⊙, a central temperature of around1010K, a central density rangingbetween roughly
109 g.cm−3 and 1010 g.cm−3 and a radius of about 2000− 4000 km.
As iron has the highest binding energy per nucleon of all the elements, energy cannot be produced at the
core by fusion. Therefore, the core, under gravitational pressure, contracts and heats up. The instability of
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Figure 3.1: Onion-shell structure of amassive star towards the end of its stellar life, prior to the onset of its core collapse. The star is
composed of shells of progressively heavier elements produced during nuclear burning stages, forming a core of oxygen, neon, magnesium
or iron-group elements at the center. Layers are not drawn to scale.
the core is initiated by electron captures on nuclei and free protons,
e− + p→ νe + n, (3.1)
e− + (A,Z)→ νe + (A,Z − 1) , (3.2)
as well as by photodesintegration of iron nuclei
γ +56 Fe→ 134He+ 4n, (3.3)
yielding to a reduction of the electron pressure and hence a further contraction of the core. Neutrinos pro-
duced by electron capture, which can initially escape freely, are trappedwhen the core density reaches around
1012 g.cm−3.
When the nuclear saturation density ρnuc ≈ 2.7 × 1014 g.cm−3 is reached at the center of the star, the
implosionof the inner core is stopped. Anew stable state is reached,with the internal pressure of the nucleon
gas supporting the core against gravity. The collapse then bounces back, creating a supersonic shock wave at
the transition between the infalling outer core. This shock wave then starts propagating outwards. Because
the kinetic energy is dissipated in the infalling matter, the temperature increases in the shock wave. This
produces high-energy photons which leads to the photodissociation (3.3) of iron nuclei into free nucleons,
which dissipates more energy.
Within about amillisecond, the shock comes to a stop, still inside of the collapsing iron core. However, as
the shock reaches the neutrinosphere, surface atwhich the density of themedium is sufficiently low -less than
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about 1012 g.cm−3- so that neutrinos can escape, electron neutrinos, produced in a large number by electron
captures, start free streaming. This creates a luminous neutrino flash, called the neutronization burst, which
is radiated and takes away additional energy—a few 1051 erg—, from the postshock layers.
In the delayed SN explosion model first proposed by Wilson and Bethe [96] and favored by SN1987A
observations [97, 98], the shock expansion stalls and becomes an accretion shock. However, as neutrinos are
produced in the proto-neutron star they deposit large amounts of energy behind the shock, causing the so-
calledneutrinoheating. If it is strong enough, the shock can thenbe revived andpushedoutwards, launching
the SN explosion. 1 During the revival of the shock,matter swept up by the shock is still accreted towards the
proto-neutron star and interacts with the hot shockedmatter. Neutrinos and anti-neutrinos of all flavors are
produced during this accretion phase. As the shock wave propagates outwards through the progenitor star
mantle towards the stellar surface, the compact remnant at the center cools and deleptonizes by radiating
again neutrinos and antineutrinos of all flavors. Depending on the mass of the progenitor and on the mass
loss history, the remnant can be a black hole.
The question of how core-collapse SNe explode is still under intensive study. So far, explosions have been
successfully simulated for 2Dmodels with relativistic effects, and 3Dmodeling has begun [101]. So far, only
stars of a massM < 10M⊙ explode in 3D simulations. In the next section, we focus on neutrino emissions
during such an event.
Neutrino fluxes and neutrinospheres
During the formation of the proto-neutron star from the core collapse, the gravitational binding energy of
the newly formed neutron star liberated is of the order of 3×1053 erg. About 1% of this energy is released in
a form of kinetic energy of the ejecta, 0.01% is released as electromagnetic radiations, while the rest is carried
out by neutrinos produced at the different stages of the supernova explosion.
As stated before, electron neutrinos are produced in large amounts by electron capture (3.1, 3.2), while
electron antineutrinos are produced in positron capture
e+ + n→ ν¯e + p. (3.4)
Thermal neutrinos of all flavors are also produced in the core of the proto-neutron star through the processes
of electron-positron pair annihilation
e− + e+ → ν + ν¯, (3.5)
1Note that the non-radial fluid instabilities such that the SASI instability also assists the neutrino-heating mechanism [99].
Other instabilities such as LESA have recently been found [100].
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electron-nucleon bremsstrahlung
e± +N → e± +N + ν + ν¯, (3.6)
nucleon-nucleon bremsstrahlung
N +N → N +N + ν + ν¯, (3.7)
plasmon decay
γ → ν + ν¯, (3.8)
and photoannihilation
γ + e± → e± + ν + ν¯. (3.9)
Inside the core, thematter density is dense enough that the neutrinos are trapped, as their mean free path 2 is
shorter than the size of the core. As the density decreases away from the core, the neutrinos are released and
start free-streaming at densities of about 1011 g.cm−3. As mentioned before, we define the neutrinosphere
as the idealized surface after which neutrinos start free-streaming (see Fig 3.2).
As this definition depends on the mean free path of the neutrinos, the neutrinospheres are dependent on
the flavor and on the energy of the neutrinos considered. The neutrinos produced interact with themedium,
composed of electrons, neutrons, and protons, through charged- and neutral- current weak interactions.
Only electron (anti)neutrinos undergo charged-current interactions, from the processes
νe + n→ p+ e−, (3.10)
ν¯e + p→ n+ e+. (3.11)
As the proto-neutron star is typically neutron-rich, electronneutrinos interactmore frequently than electron
antineutrinos at the same energy. Therefore, the electron neutrino neutrinosphere has a larger radius than
the electron antineutrino one. Free-streaming electron antineutrinos are thus emitted from a denser, hotter
region and have then typically a higher average energy than electron neutrinos. On the other hand, neu-
trinos and antineutrinos from the other flavors (νµ, ν¯µ, ντ , ν¯τ ) interact only through neutral-current weak
interaction processes, which are flavor blind: they share —for a given energy— the same neutrinosphere.
As a consequence, this neutrinosphere has a smaller radius than the electron antineutrino one, and such
neutrinos are produced with a larger average energy than electron antineutrinos.
2Themean free pathλ = 1σρ depends on themedium density ρ and the neutrino interaction cross sectionσwith the particles
composing the environment.
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Figure 3.2: Schematic illustration of neutrino propagation in a core-collapse supernova, as well as different neutrino oscillation regimes
with typical values for the hot bubble. Inside the proto-neutron star (PNS), neutrinos are trapped because of the largematter density.
They are emitted at the so-called neutrinospheres, and undergo collective effects (see Section 3.2.2). TheMSW resonances typically occur
further away from the core.
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According to thepresent supernova simulations, neutrino fluxes at theneutrinospheres canbewell parametrized
either by pinched Fermi-Dirac distributions [102] or by modified-power law distributions [103]. In this the-
sis, we will use Fermi-Dirac spectra fν of pinching parameter η = 0 to describe neutrino emissions, given by
fν (p) =
1
F2(0)
1
T 3ν
p2
exp
(
p
Tν
)
+ 1
, (3.12)
where Tν is the neutrino temperature and p the energy of the emitted neutrino. In this expression, we have
F2(0) =
3
2
ζ(3) ≈ 1.80, andFk(0) corresponds to the Fermi-Dirac integral of order k with zero degeneracy
parameter,
Fk(0) ≡
∫ ∞
0
dx
xk
exp(x) + 1
. (3.13)
The average energy is then given by
〈Eν〉 = TνF3 (0)
F2 (0)
. (3.14)
Typically, the average energies of SN neutrinos range between 10 to 20MeV. The primary fluxes released at
the neutrinosphere can then be defined as
Fν (p) =
Lν
〈Eν〉fν (p) , (3.15)
whereLν is the neutrino luminosity. Typical values of the parameters 〈Eν〉 andLν dependon the progenitor
andon themodel used for the simulations. Figure 3.3 shows typical parameters for a 1D simulationof a27M⊙
progenitor.
Neutrino observations
On February 23, 1987, the progenitor star Sanduleak −69 202 exploded, producing a type II supernova called
SN1987A. Located in the LargeMagellanic Cloud, it occurred approximatively 50 kpc away from the Earth.
Observing the light-curve and using numerical simulations, the totalmass of the progenitor was estimated at
18M⊙, with a core of 6M⊙, while the radius was estimated at 1010 m. It is a unique event as it was observed
in all wavelengths, from gamma rays to radio. It was also the first time neutrinos known to be emitted from
a supernova were observed directly, these neutrinos being detected first by Kamiokande II [105], IBM [105],
and Baksan [106].
From those observations, an upper bound on the neutrino mass and charge, as well as the number of
neutrino flavors, were obtained using the absence of nonstandard signatures, the intrinsic neutrino signal
dispersion or the cooling time of the newborn star, for example. Since then, many of these results have been
confirmedor tightenedbyother neutrino experiments conducted onEarth. Theneutrinoobservations from
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Figure 3.3: Neutrino luminosities (upper panel) andmean energies (lower panel) during the different phases of a supernova explosion
(burst, accretion and cooling phase), for νe, ν¯e and the other neutrino ćavors νx. These values come from a 1D simulation of a 27M⊙ star,
obtained by Garching group. Figure adapted fromRef. [104].
SN1987A also confirmed some features of supernovae neutrino predictions, such as the total gravitational
binding energy of 3×1053 erg (under the equipartition assumption) and the average energy or temperature
of neutrinos [97, 107].
After reviewing how neutrinos are produced during a supernova explosion and what parameters are used
to describe their emissions at the neutrinospheres, we now focus on their propagation outside the proto-
neutron star. In particular, we study how the presence of a large self-interaction potential creates collective
behaviors.
3.2.2 Neutrino flavor evolution in supernovae
In the last years, important progress has been done in understanding how neutrinos change their flavors in
supernovae. Beside theMSWeffect (Section 2.3), it has beenpointedout that the presence of sizable neutrino
self-interactions, turbulence and shockwaves are responsible for new conversion phenomena.
As neutrinos of all types are produced during core-collapse supernovae, all three known neutrino flavors
have to be considered. A three-flavor treatment shows the presence of two MSW resonances: the low (L-)
resonance, governedby themixing parameters∆m221, θ21, and the high (H-) resonance, governedby themix-
ing parameters∆m231, θ31 [102]. The L-resonance typically occurs at densities of about 101 − 102 g.cm−3,
while theH-resonance occurs at densities of about 103−104 g.cm−3, for a neutrino energy of about 10MeV.
These effects occur therefore in the outer layers of the SN. In this section, we focus on the region closer to
the production of neutrinos, assuming the mean-field description to be still valid, and discuss the impact of
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Figure 3.4: Sketch of the neutrino bulbmodel. Neutrinos are emitted isotropically at the surface of the neutrino sphere, and, for a neutrino
propagating along the z-axis, a cylindrical symmetry is assumed. The neutrino background is made of the neutrinos being emitted at the
intersection of the neutrinosphere with the cone of opening angle θmax. Figure adapted fromRef. [11].
neutrino self-interactions on flavor conversions in this environment.
The bulb model
In order to evaluate the self-interaction term, we use here the widely popular bulbmodel, introduced in Ref.
[11]. Neutrinos are assumed to be emitted isotropically and uniformly at the surface of a sphere of radius
Rν called the neutrinosphere, with an energy spectrum following a Fermi-Dirac distribution (3.12-3.14). We
assume that outside the neutrinosphere, the environment is spherically symmetric and stationary, with the
physical conditions of the medium depending only on the distance from the core center, r. Furthermore,
the neutrino emission is assumed to have a cylindrical symmetry around the z-axis (see figure 3.4). We also
adopt here the single-angle approximation, in which the flavor evolution of a neutrino is assumed to be only
a function of its energy and its initial flavor, and not of its emission angle. This gives us, for the neutrino
density matrix introduced in Chapter 2, assuming that neutrinos follow light-like trajectories
ρ (t, q⃗) = ρ (r, q) , (3.16)
and similarly for the antineutrino density matrix.
Following the derivation of [11] and the expressions obtained in Section 2.2.3, we get the following form
for the self-interaction part of the Hamiltonian (2.124)
Γνν,self (r, q⃗) =
√
2GF
2piR2ν
D
(
r
Rν
)∫
dp
(
ρ (r, p) fν (p)
Lν
〈Eν〉 − ρ¯ (r, p) fν¯ (p)
Lν¯
〈Eν¯〉
)
, (3.17)
whereD (x) ≡ 1
2
(
1−√1− x−2)2, withx = r
Rν
is a geometric factor, fν is thedistributionof (anti)neutrinos
(3.12),Lν is the (anti)neutrino luminosity, and 〈Eν〉 is themean energy of the neutrinos (antineutrinos) asso-
ciatedwith the distribution fν . Note that as r becomesmuch larger thanRν , the geometric factor behaves as
D ∼ R4ν
r4
. Therefore, while the self-interaction effects dominate the deep region nearby the neutrinosphere,
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matter terms —which typically behave as 1
r3
— matter further away from the core, at lower densities, pro-
ducing for example the MSW effect.
Collective behaviors
As neutrinos are free streaming outwards in a supernova, they can experience different kinds of collective
behaviors [80]. In the bulbmodel, near the core, as the typical neutrinonumber density exceeds the ordinary
matter number density, neutrinos experience synchronized oscillations: neutrinos and antineutrinos of all
energy modes are coupled and oscillate with the same frequency. Any flavor conversion is therefore frozen
because of the neutrino self-interactions.
As the neutrinos propagate further away, the geometric factor decreases as 1
r4
. Therefore, the strength
of the self-interaction potential decreases. When it becomes comparable to the vacuum scale, neutrinos
and antineutrinos of one flavor can simultaneously convert into the other flavor. These so-called bipolar
oscillations are related to an instability in flavor space, due to the non-vanishing vacuummixing. It has been
shown that the onset of this instability was different when considering a full multiangle treatment, that is,
not using the approximation (3.16) [108]. To estimate such an onset, linearizing the equation of motions
has proven to be successful [109, 110, 111]. The authors of [112] also used the matter basis to describe such a
phenomenon. It triggers conversions and oscillations which can be seen as the nutation and the precession
of a gyroscopic pendulum [113].
Finally, neutrinos undergo a complete flavor conversion depending on their energy: this is called the spec-
tral split. The authors of Ref. [114] showed that this corresponds to a MSW resonance in the co-rotating
frame. Additionally, it has been shown inRef. [115] that this split can be interpreted as amagnetic resonance
phenomenon. In particular, the authors showed that the neutrino energies for which the resonant criteria
are fulfilled are the same energies for which the spectral split phenomenon takes place, and that it occurs at
the same location in the supernova. In two flavors, collective effects observed in the bulb model can be seen
as νeν¯e → νxν¯x conversions, since the net electron number is a conserved quantity.
As an example of these collective behaviors, we shownumerical results for the coolingphase of a supernova
described by the bulb model developed above, using a single-angle treatment. These results were obtained
using a FORTRAN90 code developed during the course of the thesis. We simulated the propagation of neu-
trinos emitted initially as pure electron neutrino at the neutrinosphere along with electron anti-neutrinos.
We took the following parameters for the self-interaction, assuming that all neutrinos shared the same neu-
trinosphere of radius Rν = 10 km, and the same luminosities Lν = Lν¯ = 1 × 1051 erg · s−1, and we
used the following average energies 〈Eνe〉 = 12MeV, 〈Eν¯e〉 = 15MeV and 〈Eνx〉 = 〈Eν¯x〉 = 18MeV.
As before, we considered only two flavors, and we adopted the atmospheric parameters in inverted hierar-
chy ∆m2 = −2.4 × 10−3 eV2 and sin2 2θ = 0.087. For the matter profile, we adopted as in Ref. [11]
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Figure 3.5: Electron neutrino (left) and antineutrino (right) survival probabilities as a function of the distance from the center of a cooling
supernova. We show three different energymodes: 4MeV (orange line), 8MeV (red line) and 12MeV, as well as the probabilites averaged
over the energy ćux (black dotted line). Up to 50 km, (anti)neutrinos undergo synchronized oscillations. Then, they enter bipolar modes up
to 150 km, leading to a spectral split for neutrinos and full conversions for antineutrinos.
ne(r) = n
0
e
(
Rν
r
)3, where n0e = 1× 108 g · cm−3.
Figure 3.5 shows the results in the case of two neutrino flavors. For clarity, we show the survival probabil-
ities for only three different energy modes as well as the probabilities averaged over the neutrino spectra. In
the calculation, 1000 neutrino energy bins were used from 1 to 100MeV. The synchronization oscillations
occur in the first 50 km, freezing neutrino flavor conversions. Then bipolar oscillations take place between
50 and 150 km, leading to the spectral split.
While being investigated intensely for the past decade, several aspects of neutrino collective behaviors still
need to be better understood. For example, going beyond the single-angle approximation (3.16) has shown
that a large matter potential could lead to decoherence, suppressing collective conversions [116]. In the next
section, we discuss the state of the art as well as progress to be done in understanding neutrino conversions
in SNe.
3.2.3 Recent developments
The results shown abovewere derived under the assumption thatwe have a stationary, spherically symmetric
supernova, where the neutrino fluxes evolve only as a function of the distance from the core. However, it
has been pointed out recently that releasing certain of these approximations could lead to new flavor insta-
bilities. For example, it has been shown, using simplified setups, that breaking the axial symmetry [117], the
spatial and directional symmetry [118] or introducing temporal instabilities [119] could induce new flavor
conversion phenomena. The models used go beyond the bulb model and are of increasing complexity.
Furthermore, it has been shown recently that the neutrino angular distributions from SNe could have
a leading role in neutrino flavor conversions. In particular, close to the neutrino decoupling region, ”fast”
conversions could occur on a distance of GF |nνe − nν¯e| = O (10) cm [32, 109, 120, 81, 121]. These fast
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conversions could lead to a quick flavor equilibration close to neutrino emission, and are driven only by the
angular distribution of the electron neutrino lepton number. In particular, they do not depend on neutrino
mass differences.
Therefore, modeling carefully the SN environment is necessary in order to study in detail the oscillation
phenomenology in this context. As the fast modes occur nearby the neutrinosphere, they could impact the
SN dynamics through an enhanced neutrino heating, while so far collective behaviors have been shown to
develop outside of the shock region. One of the aspects that have been questioned is the validity of themean
field approximation. At large distances from the SN core, while the neutrino flux is essentially reduced to a
narrow beam, a non-zero flux of neutrino propagating inwards due to residual scattering may be significant
[122]. Collisions could, therefore, be relevant. Corrections appearing to the most general mean field ap-
proximation equations have also been discussed, including pairing correlations [34] and helicity coherence.
They have both been introduced in Section 2.2.1, with the corresponding neutrino evolution equations. In
Chapter 4, we explore the role of such helicity coherence correlators and their impact on neutrino flavor
evolution.
Despite the intense theoretical activity in this direction, our understanding is still incomplete, as neutrino
self-interactions are nonlinear and it has been shown that releasing some traditionally-adopted assumptions
could induce flavor instabilities. A good understanding of neutrino flavor conversion is also necessary for
nucleosynthesis studies and for future observations of an extragalactic SN. For example, the electron fraction
calculation [94] and the nucleosynthetic calculation in a schematicmodel [123] have clearly shown that flavor
conversion effects could impact the abundances. Regarding observations, a network of observatories called
SNEWS [124] is ready for the detection of the neutrino signal from a SN. The large size Hyper-K seems on
its way to approval, while SK-Gd should detect the diffuse supernova background in the coming decade.
In thenext section,we studyneutrinopropagation inbinaryneutron starmergers. Being computationally
more demanding, this environment has been studied relatively recently with respect to the SN one.
3.3 Neutrinos in binary neutron star merger remnants
3.3.1 General description of binary neutron star merger remnants
Astrophysical scenario
When two neutron stars orbit around each other closely, they spiral inwards because of gravitational radi-
ation. When eventually they meet, they form, depending on the mass, either a hypermassive neutron star
(HMNS) or a black hole, surrounded by a thick accretion disk. We focus here on the first scenario. These
compact binary mergers have been among the very early suggestions for the production short gamma-ray
bursts (sGRBs). They also produce kilonovae, which are radioactively powered transients from the decay of
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Figure 3.6: Schematic view of the neutrino-drivenwinds created from the remnants of a BNSmerger. The HMNS and the accretion disk
emit neutrinos. A fraction of these neutrinos are reabsorbed by the disk and unbind somematter out of its gravitational potential. Figure
adopted fromRef. [126].
freshly produced r process elements [91, 125].
There are at least three different channels by which a BNSmerger releases matter into space. First, during
the merger process, a small fraction of the total mass is ejected via gravitational torques and hydrodynamics
process, creating the so-called dynamic ejecta. The decompression of this cold and highly neutron-rich mat-
ter is favorable for the production of heavy elements through r process nucleosynthesis. While core-collapse
SNewere long believed to be themain source of those heavy elements, hydrodynamical and nucleosynthetic
numerical simulations consistently shows that the dynamic ejecta of a neutron star merger is an extremely
promising site for the formation of the heaviest elements with A > 130, while core-collapse SN seem not
to generate the conditions necessary for the production of elements withA > 90.
The second channel is the post-merger accretion disk. As the matter expands and cools, it is able to re-
combine into alpha particles, which together with viscous heating, can release enough energy to unbind an
amount of material comparable to dynamic ejecta. Finally, the third channel is related to neutrino-driven
winds. As neutrinos are emitted by theHMNSand the accretion disk, they canbe reabsorbedby the disk and
unbind some matter. Figure 3.6 illustrates the formation of such winds. Neutrinos could play a significant
role in this environment by affecting the proton-to-neutron ratio—or equivalently, the electron fraction Ye,
which we define as
Ye =
np
nn + np
, (3.18)
where np and nn are respectively the proton and the neutron number densities. Figure 3.7 shows how the
nucleosynthesis abundances produced in such neutrino-driven winds complement the production of the
heavier elements in dynamic ejecta.
Chapters 4 and 5 present flavor investigations based on detailed astrophysical simulations. In both cases,
we use results from a long-term three -dimensional Newtonian hydrodynamics simulation of the neutrino-
driven wind that emerges from the remnant of the merger of two non-spinning 1.4M⊙ neutron stars [126].
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Figure 3.7: Comparison of the nucleosynthesis yields produced by dynamic ejecta (solid purple line) and neutrino-drivenwinds at different
post-merger times (yellow, green, and blue lines). While the dynamic ejecta produces heavy elements of the second and third peaks, the
neutrino-drivenwinds complement its abundance by producing elements of the Ćrst to the second peak. Figure adopted fromRef. [93].
Figure 3.8: Matter density proĆle (left panel), electron fraction andmatter temperature (right panel) as a function of the cylindrical coordi-
nates z and rcyl, at t = 100ms after themerger (fromRef. [126]). On the left panel, the contour corresponds to ρ ≈ 5 × 1011 g.cm−3,
and delimits the part of the disk which density is higher than the typical surface density of a proto-neutron star. Figures adopted fromRef.
[86].
TheHMNS is assumed to stay stable during the simulation time, that is of the order of 100ms and is treated
as a stationary rotating object. We also assume rotational symmetry around the HMNS rotational axis and
use the axisymmetric averages of hydrodynamical quantities (matter density, temperature and electron frac-
tion), which are shown in Figure 3.8 at time t = 100ms after the merger. In the next section, we focus on
neutrino production during such an event.
Neutrino fluxes and neutrinospheres
During BNSmerger events, neutrinos are produced through the same processes as the onementioned in Sec-
tion 3.2.1. The amount of gravitational energy released during a BNSmerger, and the time-scale over which
it is released is also comparable to the SN case, resulting in neutrinoswith a luminosity ofLν ≈ 1053 erg.s−1,
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Figure 3.9: Transport optical depths (color coded) for νe (left panel), ν¯e (middle panel) and νx (right panel) as a function of the cylindrical
coordinates rcyl and z at time t = 100ms after themerger. The contours correspond to τ ≈ 2/3, and deĆne the neutrino transport
surfaces. Figure adopted fromRef. [86].
and energies 〈Eν〉 ≈ 10− 15MeV. However, in contrast with proto-neutron stars, the starting point is ex-
tremely neutron-rich matter, which makes electron antineutrinos dominate over electron neutrinos. More-
over, as the geometry of a BNS merger remnant is very different from the geometry of a supernova, the
neutrinospheres are also modified. Ref. [86] constructed the neutrino emission surfaces from the simula-
tion results of Ref. [126], by calculating the neutrino opacities in the remnants. The results are shown in
Figure 3.9.
In Section 3.3.2, we approximate these surfaces as infinitely thin disks to model neutrino emission and
compute the self-interactionpotentials generatedby such aneutrino emission. Figure 3.10 shows the range of
values obtained by different BNSmerger simulations. Variations up to a factor 5 on the relative luminosities
(left panel) andup to a factor7 (right panel) on the luminosity-over-energy ratio canbeobserved. By contrast,
Figure 3.11 shows a comparison of neutrino luminosities for different 1D supernova simulations, displaying
much smaller variations.
r process nucleosynthesis and observations
OnAugust, 17, 2017, theLIGO/Virgo collaborationdetected apulse of gravitationalwavesnamedGW170817
[91, 125]. This corresponds to the merger of two neutron stars located in NGC 4993 (at ∼ 40 Mpc), of
masses between 0.86 and 2.26M⊙. Alongwith the gravitational wave signal, a short gamma-ray burst, GRB
170817A, of approximately 2s was detected. The association of these two signals in both space and time is
strong evidence that neutron star mergers do create short gamma-ray bursts.
The astronomical transient AT 2017gfo was detected in the area in which GW170817 and GRB 170817A
were known to have occurred, 11 hours after the gravitational wave event, and observed by numerous tele-
scopes from radio toX-raywavelengths. It was shown to be a fast-moving, rapidly-cooling cloud of neutron-
richmaterial, as expected of debris ejected from a neutron-star merger, which are the expected characteristics
for a kilonova. This is strong evidence that BNS mergers do produce kilonovae. The presence of such a
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Figure 3.10: Ratio of luminosities (left panel) LνeLνx vs.
Lν¯e
Lνe
and ratio of emission rates (right panel) Lνe〈Eνe 〉/
Lνx
〈Eνx 〉 vs.
Lν¯e
〈Eν¯e 〉/
Lνe
〈Eνe 〉 . The
black point refers to the cooling luminosities of Ref. [126]. Figure adopted fromRef. [86].
Figure 3.11: Neutrino luminosities for electron-type neutrinos (left panel) and heavy-lepton neutrinos (right panel) as a function of post-
bounce time for different 1D supernova simulations. Figure adopted fromRef. [127].
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Figure 3.12: Final abundances of a selected nucleosynthesis calculation in binary neutron star mergers, with different values ofYe. The
full r process is made forYe = 0.01 andYe = 0.19. TheYe = 0.25 trajectory is neutron-rich enough tomake the second r process
peak, but not the third and not a signiĆcant amount of lanthanides. In the symmetric case (Ye = 0.5), mostly 4He and iron-peak elements
are produced. Figure and caption adopted from [128].
kilonova implied the synthesis of about 0.05M⊙ of r process nuclei, proving that r process nucleosynthesis
indeed occurred in BNS merger. The observed signal is compatible with lanthanide free ejecta (cold, blue
component) and ejecta with lanthanides (hot, red component). As lanthanides are not produced for an elec-
tron fraction Ye > 0.25 (as shown in Fig. 3.12) and neutrinos typically push the electron fraction higher
than this value. This observation, compared with BNS mergers, indicate that the red component is most
likely produced by dynamical ejecta from the early merging phase. On the other hand, the blue component
would be produced by neutrino-driven winds and viscous ejecta in the post-merger phase.
3.3.2 Neutrino flavor evolution in binary neutron star merger remnants
The BNSmerger remnant site brings many similarities with SNe, in particular as far as neutrino emission is
concerned, and flavor evolution studies have developed side by side. One of themain difference comes from
the fact that BNS studies involve a breaking of the spherical symmetry, in contrast with the simple bulb
model described in 3.2.2, making themmore demanding. Indeed, they require to perform 2D interpolations
of the meaningful physical quantities (electron fraction and baryon number density), as well as solving the
evolution equations for many neutrino energy modes. Numerical investigations performed during this the-
sis showed that the convergence of the solutions was achieved for amuch higher number of energy bins than
in the SN case. In addition, the excess of electron antineutrinos over electron neutrino introduces novel
flavor conversion phenomena that we will discuss. Since, as in SNe, the neutrino emission is significant,
in order to describe the neutrino flavor evolution in BNS mergers, the self-interaction contribution to the
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Figure 3.13: Schematic view of ourmodel. Neutrinos start free streaming at the neutrinospheres, shown as a solid blue (respectively
dashed and dotted) line for νe (respectively ν¯e and νx). The trajectory of a test neutrino νq is labeled by the coordinates of its emission
point (x0, z0), and the angle θq between the direction of its momentum qˆ and the z axis. The test neutrino propagates in a background of
matter and (anti)neutrinos νp of momentum pˆ.
Hamiltonian (2.124) needs to be computed. It reads
hνν =
√
2GF
∑
α
∫
(1− qˆ · pˆ) [dnναρνα(p⃗)− dnν¯α ρ¯ν¯α(p⃗)] , (3.19)
where the quantity dnνα(dnν¯α) denotes the differential number density of neutrinos (antineutrinos), the
underline refers to the neutrinos initially born with α flavor at the neutrinosphere. In the next section, we
focus on how to model the neutrino emission to compute this term.
Modeling the neutrino emission: geometrical coefficients
In two-dimensional models, neutrino propagate with an azimuthal symmetry axis from point (x0, z0), at
the neutrinosphere following a straight line trajectory3 characterized by a radial r and an angular θq variables
(Fig. 3.13). Note that we approximate the neutrinospheres as infinitely thin disks of radiiRν that are flavor
dependent, as done in Refs. [82, 84, 85, 86, 17].
For the neutrino self-interaction Hamiltonian Eq.(5.7) the simplest assumption is [82, 84, 85, 86, 17],
ρν(r, p⃗) = ρν(r, p), (3.20)
namely the angular dependence of the neutrino density matrix is not retained. As a consequence, the neutri-
nos that are coupled by the self-interaction term have the same flavor history as the test neutrino. Assuming
spherical and azimuthal symmetry of the neutrino emission at the neutrinosphere, this ansatz reduces to the
single-angle approximation of the bulb model [80]. One can assume, as in the supernova case, that neutri-
nos are emitted as Fermi-Dirac distributions fνα with luminosities Lνα and average energies 〈Eνα〉 at the
neutrinosphere with neutrinosphere radii Rνα (Table 3.1). Figure 3.10 shows the current spread on Lν and
3In this description, we neglect the bending of the trajectory due to strong gravitational fields, shown to induce sizable effects
in Ref. [129].
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〈Eν〉 (MeV) Lν (1051 erg/s) Rν (km)
νe 10.6 15 84
ν¯e 15.3 30 60
νx 17.3 8 58
Table 3.1: Electron and nonelectron neutrino ćavors: Average neutrino energies fromRef. [86], luminosities fromRef. [126]. The last
column gives the outermost radii (km) from Ref. [86]. Such values correspond to the neutrinospheres of a neutron star merger at 100ms
after themerging process. Please keep inmind that these luminosities have to be divided by two in Eq.(3.21) because we consider there
only neutrino emission in the half plane above the emission disk.
the neutrino fluxes according to available simulations of neutrino emission in binary neutron star mergers.
By using Eqs.(3.19) and (3.20), the neutrino self-interaction term becomes4
hνν(r, q, ℓq) =
√
2GF
∑
α=e,x
∫ ∞
0
dp
[
Gνα(r, ℓq)ρνα(r, p)
Lναfνα(p)
pi2R2να 〈Eνα〉
− ρ¯ν¯α(r, p)Gν¯α(r, ℓq)
Lν¯αfν¯α(p)
pi2R2ν¯α 〈Eν¯α〉
]
,
(3.21)
where the geometrical factorGνα reads
Gνα(r, ℓq) =
∫
Ωνα
dΩ(1− qˆ · pˆ), (3.22)
with Ωνα the angular variables and similarly for Gν¯α for the antineutrinos, and ℓq = (θq, x0, z0). The
detailed procedure of how to derive geometrical factors is given in Appendix C.
Neutrino conversion mechanisms: the example of the matter-neutrino resonance
Because the electron antineutrinos in BNS are typically emitted in a larger number than electron neutrinos,
unique flavor conversionsmechanisms appear compared to the SN case. For example, there can be a cancella-
tion of thematter and self-interaction potentials, since the large flavor-diagonal neutrino-neutrino potential
and the matter potential have an opposite sign close to the neutrino emission point. Such a cancellation is
easily seen by comparing the matter potential to the unoscillated neutrino potential
µ(r, ℓq) ≡ hunoscνν,ee(r, ℓq)− hunoscνν,xx(r, ℓq) =
√
2GF
pi2
[
Gνe (r, ℓq)
Lνe
R2νe 〈Eνe〉
−Gν¯e (r, ℓq)
Lν¯e
R2ν¯e 〈Eν¯e〉
]
,
(3.23)
and leads to large-scale MSW-like conversions. The bottom panel of Fig. 3.14 shows such a cancellation.
This phenomenon is known as the Matter-Neutrino Resonance (MNR) [83, 130, 131, 86]. Previous work
has shown that the presence of this resonance could trigger intense conversions for neutrinos, as shown in
the top panel of Fig. 3.14.
So far, two cases have been distinguished: the ”standard” MNR [83], in which only neutrinos convert
4Note that here we show the full dependence on the variables for clarity.
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Figure 3.14: Top panel: Survival probabilities for electron neutrinos (solid red line) and antineutrinos (dashed blue line) comparedwith
their predictions. Bottom panel: matter (solid purple line) and unoscillated self-interaction (dashed green) (3.23) potentials. Conversion
occur when the two potentials cancel each other. Figure adopted fromRef. [83].
their flavor while antineutrinos do not, and the ”symmetric” MNR [84], in which both neutrinos and an-
tineutrinos get converted into the other flavors. Such conversions could have a significant effect on nucle-
osynthesis. Figure 3.15 shows an example of the impact of theMNR on Ye (3.18) and on the nucleosynthetic
abundances. Note however that this is calculated along a single trajectory.
In the first two projects of this thesis (Chapters 4 and 5), part of the investigation has been devoted to
the study of the MNR, discussing in depth the details of the resonance conditions and the corresponding
mechanism.
3.3.3 Recent developments
Most flavor studies in the context ofBNSmerger remnants, inparticular involving theMNRarebasedon the
single trajectory approximation (3.20) [82, 84, 16, 17, 85, 86]. Reference [132] has made the first investigation
of the MNR in a multiangle treatment, based on a schematic calculation with infinite plan emission and
constant matter profile. The author finds that the MNR does not survive under such conditions. Note,
however, that only the oscillated potential of an average angle is shown, while survival probabilities would
be needed to fully assess the adiabaticity of the MNR.
Clearly, simulations implementing the full angular dependence of the density matrix (3.19) are needed in
the future to determine for example the role of decoherence in the flavor evolution. The linearized analysis
of Ref. [133] has included the angular dependence. Ref. [134] made the first full multi-angle calculation,
using the bulbmodel though, and found thatMNRs still occurred for a subset of angular bins, but were less
efficient than in the single-trajectory treatment. This is a promising result since multi-angle simulations are
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Figure 3.15: Comparison of the nucleosynthesis abundances produced inmerging compact objects remnants using amultiple disks model.
In both Ćgures, the black pluses show the scaled solar r process residuals. On the top panel, the black line shows the elements produced
without the inclusion of neutrino oscillations. On the bottom panel, the colored lines show the elements produced including neutrino
ćavor conversions, with different νe over νx ćuxes ratios. Figure adopted fromRef. [84].
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necessary to definitely assess if the presence of MNRs can influence nucleosynthesis. They also found new
flavor conversion phenomena.
It is also worth noting that the presence of fast modes close to the neutrino decoupling region could lead
to flavor equilibration on a very short scale. Ref. [133] pointed out that, contrary to the SN case, fast flavor
conversions seemed to be unavoidable in compactmergers because of the typical angular distributions found
in those environments. Based on the flavor equilibration ansatz, Ref. [135] showed that neutrino conversions
due to fast modes would speed up lanthanides production. However, it needs to be emphasized that there
is currently no calculation performed in the full nonlinear regime showing that fast modes can induce flavor
equilibration.
In conclusion, further developments are necessary to quantify the impact of flavor evolution in neutrino-
driven winds where flavor conversion is treated in full multi-angle and nonstationary models. Such investi-
gations are important in relation to the recent and the future kilonovae observations.
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The goal of the first project is to investigate the possible role of helicity coherence within a two-flavor
framework, based on detailed astrophysical simulations. The aim is to identify under which conditions
the helicity coherence resonance can be fulfilled and nonlinear feedback can operate. The results presented
constitute the first exploration of these mean-field corrections in a realistic setting. They bring definite con-
clusions about the impact of helicity coherence in flavor evolution in dense environments.
4.1 Introduction
Theoretical investigations of neutrino flavor evolution indensemedia are usually based on theLiouville–von
Neumann equations for one-body neutrino density matrices (Section 2.2) [30, 33]. Three corrections have
been discussed recently, coming from collisions [122], pairing correlations [34, 25], and helicity coherence
[34, 136, 136, 25]. In fact, at the neutrinospheres, a small fraction of the neutrino flux can still propagate
along non-forward directions due to final collisions. A small contribution of a backward flux can produce
significant flavor change, as shown inRef. [122] in the context of a core-collapse supernova schematicmodel.
Demanding simulations that self-consistently implement collisions, neutrinomixings, andmean-field terms
in a full Boltzmann treatment are still missing.
Contributions from neutrino-antineutrino pairing correlators and non-zero neutrino mass appear in the
most general mean-field equations (Chapters 2 and 3). The authors of Ref. [34] obtained a rigorous deriva-
tion of the neutrino evolution equations based on the Born-Bogoliubov-Green-Kirkwood-Yvon hierarchy
approach. Moreover, neutrino-antineutrino pairing correlations were implemented explicitly for the first
time. Quantum kinetic equations for Majorana neutrinos including corrections due to the neutrino mass
first appeared in Ref. [136], where they were referred to as spin coherence. This terminology was then cor-
rected in [25] to helicity coherence. The concise quantum field theory derivation of Ref. [25] provided the
mass and the pairingmean-field contributions in both theDirac andMajorana cases. As discussed inChapter
2, these works have shown that both corrections introduce a coupling between neutrinos and antineutrinos.
The anisotropy of themedium is necessary for themass and the pairing contributions to the neutrinoHamil-
tonian to be nonzero.
Spin coherence can produce a MSW-like phenomenon between neutrinos and antineutrinos, as shown
by the first one-flavor numerical study [13]. Under specific conditions, a cancellation between thematter and
neutrino self-interactions can fulfill the resonance condition. Moreover, the nonlinearity of the equations
can introduce a nonlinear feedback. This has a twofold effect: the region where the cancellation (and the
resonance) occur can be extended, and the adiabaticity of the evolution at the resonance can be increased.
The results of Ref. [13] show that significant swapping of the neutrino and antineutrino fluxes is produced
for some choices of the parameters. This nonlinear mechanism is particularly intriguing since the mass con-
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tributions turn out to be suppressed by the ratio of the neutrino mass over energy, as one would naively
expect [136, 25]. Note that a rough estimate of the size of mass and pairing mean-field terms was given in
[35], where it was also pointed out that a MSW-like phenomenon might be produced by the mass terms,
while the MSW-like resonance condition cannot be fulfilled for pairing contributions. In order to assess if
helicity coherence can influence flavor evolution, an in-depth analysis was needed.
In the first project, we explore the possible role of helicity coherence in a realistic astrophysical setting and
choose to set ourselves in a binary neutron star merger environment. We employ the results for the matter
density profiles, the electron fraction, and the neutrino luminosities from the binary neutron star (BNS)
merger simulation [126]. We perform numerical calculations to determine neutrino flavor evolution, oscil-
lation probabilities, and the associated adiabaticity parameters through the helicity coherence resonances.
We consider three model cases that are representative of the ensemble of astrophysical conditions that we ex-
plore. In order to interpret our numerical findings, we providewith a simple first-order perturbative analysis
of the conditions to have multiple resonances induced by a nonlinear feedback, producing efficient flavor
conversions. We take the cases of the matter neutrino resonance (MNR)—found in accretion disks around
black holes or binary neutron star mergers—and the model of Ref. [13] as examples of situations where this
mechanism operates and comparatively discuss the situation with helicity coherence in our setting.
The chapter is structured as follows. Section 4.2 introduces the helicity structure of theHamiltonian and
of the mean-field evolution equations, with mass contributions, both for Majorana and Dirac neutrinos.
Then our schematic model is described and the geometrical factors are given. Section 4.3 presents the two-
flavor results on the neutrino flavor evolution. The resonance and the adiabaticity conditions are discussed
for three model cases. Section 4.4 provides a lowest-order linear analysis of multiple crossings induced by
nonlinear feedback. Section 4.5 contains our conclusions.
4.2 Theoretical framework
4.2.1 Mean-field evolution equations with mass contributions
We remind that neutrino evolution in an homogeneous astrophysical background of matter, neutrinos, and
antineutrinos is usually described through two-point correlation functions Eqs. (2.36-2.39) for Dirac and
Eqs. (2.52-2.55) for Majorana neutrinos. The mass contributions are due to corrections to the relativistic
limit, which are proportional to the mass and are associated with two-point correlators coupling particles
of helicity h ̸= h′, which account for helicity changes [136, 25]. Obviously, neutrino evolution studies also
include the usual mixing terms that depend on themass-squared differences. Wewill not refer to these when
discussing effects frommass contributions, although they are included in our simulations.
Neglecting collisions, themost general mean-fieldHamiltonian has the form (2.35). We quote here results
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that are relevant for the investigation of the effects frommass contributions; while the explicit expression of
Γ and the detailed derivation of neutrino evolution equations are given in Chapter 2 [25]. We will present
results for Majorana neutrinos, while those for Dirac are reported in Appendix B. The full set of equations
for Dirac and Majorana neutrinos with such contributions is given in Section 2.2.1 [25]. We start with the
evolution equation
iρ˙G (t, q⃗ ) = [hG (t, q⃗ ) , ρG (t, q⃗ )] , (4.1)
where the generalized density matrix is1
ρG (t, q⃗ )≡ρ (t, q⃗, h, q⃗, h′) =
 ρ (t, q⃗ ) ζ (t, q⃗ )
ζ† (t, q⃗ ) ρ¯T (t, q⃗ )
 , (4.2)
with ρ and ρ¯ Nf ×Nf submatrices, corresponding to the usual neutrino and antineutrino density matrices
(2.105,2.106). Nf is the number of neutrino families and the superscript T indicates transposition. The
generalized Hamiltonian is
hG (t, q⃗ )≡ΓννM (t, q⃗, h, q⃗, h′) =
 H(t, q⃗ ) Φ(t, q⃗ )
Φ†(t, q⃗ ) −H¯T (t, q⃗ )
 . (4.3)
Both matrices have a 2Nf × 2Nf flavor (or mass) and helicity structure. The quantitiesH and H¯ are the
neutrino and antineutrinoHamiltonians respectively, while the off-diagonal termΦ is the helicity coherence
matrix, coupling the neutrino and antineutrino sectors.
In the mass basis, the mean-field Hamiltonian contributions are given by
H(t, q⃗ ) = S(t, q)− qˆ · V⃗ (t)− qˆ · V⃗m(t), (4.4)
for the neutrino sector and
H¯(t, q⃗ ) = S¯(t, q)− qˆ · V⃗ (t)− qˆ · V⃗m(t), (4.5)
for the antineutrino sector. The quantity qˆ = q⃗/q denotes the unit vector pointing in the neutrinomomen-
tum direction (q is the modulus of q⃗).
TheNf × Nf scalar S(t, q) and vector V⃗ (t)matrices receive contributions from the neutrino mixings,
the neutrino-matter charged- and neutral-current interactions, as well as the neutral-current neutrino self-
1Note that here we denote with q⃗ instead of−q⃗ the momentum for antineutrinos. This former convention introduces sign
differences in the expressions where antineutrino momenta are present, compared to Ref. [25], where the latter convention was
employed.
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interactions. Their explicit expressions in the flavor basis read
S(t, q) = h0(q) + hmat(t) + hself(t), (4.6)
S¯(t, q) = −h0(q) + hmat(t) + hself(t), (4.7)
for neutrinos and antineutrinos, respectively. The first terms correspond to the vacuum contributions,
which are
h0 = UhvacU
†, (4.8)
with hvac = diag(Ei), Ei,i=1,Nf being the eigenenergies of the propagation eigenstates. The quantity U
is the Maki-Nakagawa-Sakata-Pontecorvo (MNSP)Nf ×Nf unitary matrix relating the mass to the flavor
basis [5]. The second terms in Eqs. (4.6)-(4.7) are the scalar neutrino-matter contribution to the mean-field
hmat,αβ(t) =
√
2GF δαβ
[
ne(t)δαe − 1
2
nn(t)
]
, (4.9)
with the particle number density
nf (t) = 2
∫
d3p
(2pi)3
ρf (t, p⃗ ), (4.10)
f = e andn standing for electrons and neutrons respectively. Note that, both the charged-current neutrino-
electron and the neutral-current neutrino-neutron contributions in (4.9) need to be included. In fact, in our
investigation, the neutral current term cannot be discarded from the Hamiltonian hG Eq. (4.3), as usually
done, since its contribution is not proportional to the identity matrix.
The third terms in Eqs. (4.6)-(4.7) come from neutral-current neutrino-neutrino interactions
hself(t) =
√
2GF
∫
d3p
(2pi)3
[ρ(t, p⃗)− ρ¯(t, p⃗)] + L, (4.11)
with L the conserved lepton number in two flavors
L =
√
2GF tr
[∫ d3p
(2pi)3
[ρ(t, p⃗)− ρ¯(t, p⃗)]
]
, (4.12)
with tr indicating the trace. Note that, again, the trace terms have to be retained. The mean-field matrices
Eqs. (4.4)-(4.5) involve the vector term
V⃗ (t) = V⃗mat(t) + V⃗self(t), (4.13)
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that receives contributions from the matter-neutrino current
V⃗mat,αβ(t) =
√
2GF δαβ
[
J⃗e(t)δαe − 1
2
J⃗n(t)
]
(4.14)
and the neutrino-neutrino one
V⃗self(t) =
√
2GF
∫
d3p
(2pi)3
{
pˆ [ρ(t, p⃗)− ρ¯(t, p⃗)]
}
+ k⃗. (4.15)
The particle velocity densities are
J⃗f (t) = 2
∫
d3p
(2pi)3
v⃗fρf (t, p⃗ ), (4.16)
with v⃗f = p⃗/Efp ,Efp =
√
p2 +m2f , and the quantity k⃗ is
k⃗ =
√
2GF tr
∫
d3p
(2pi)3
{
pˆ [ρ(t, p⃗)− ρ¯(t, p⃗)]
}
, (4.17)
where pˆ = p⃗/p. In Eqs. (4.4)-(4.5) the inclusion of mass contributions gives a supplementary diagonal term
V⃗m(t) = −
√
2GF
∫
d3p
(2pi)3
{
e−iφp ϵˆpΩ(t, p⃗)
m
2p
+ h.c.
}
(4.18)
−
√
2GF tr
∫
d3p
(2pi)3
{
e−iφp ϵˆpΩ(t, p⃗)
m
2p
+ h.c.
}
,
with
Ω(t, p⃗) = ζ(t, p⃗ ) + ζ¯(t, p⃗ ). (4.19)
Finally the off-diagonal helicity coherencematrix reads [136, 25]
Φ(t, q⃗ ) = eiφq ϵˆ∗q ·
[
V⃗ (t)
m
2q
+
m
2q
V⃗ T(t)
]
, (4.20)
wherem denotes the mass matrix, and φq is the polar angle of the vector q⃗ in spherical coordinates. This
off-diagonal termmixes neutrino and antineutrino evolution. The contributions in Eqs. (4.18)-(4.20) come
from thematter and neutrino currents perpendicular to the neutrino direction ofmotion, since the complex
vectors
ϵµ(pˆ) =
 0
ϵˆp
 , (4.21)
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and ϵˆ∗p span the plane orthogonal to p⃗.2 As expected the mass terms are suppressed bym/q. Note that, in
the ultrarelativistic limit, the different helicity sectors are decoupled and one recovers the commonly used
theoretical description of neutrino propagation in media.
4.2.2 TheMajorana case withNf = 2
Here we present our model to explore effects from the mass contributions on the neutrino propagation in
an astrophysical environment. We consider Majorana neutrinos within a two-flavor theoretical framework.
As we will discuss, such results are also representative of the Dirac case. The neutrino evolution can be
determined using (4.1). Unless otherwise specified, from now on all the expressions will be in the flavor
basis. The 4× 4 generalized density matrix Eq. (4.2) is given by
ρG (t, q⃗ ) =
 ρ ζ
ζ† ρ¯T
 =

ρee ρex ρ
−+
ee ρ
−+
ex
ρ∗ex ρxx ρ
−+
xe ρ
−+
xx
ρ+−ee ρ
+−
xe ρ¯ee ρ¯
∗
ex
ρ+−ex ρ
+−
xx ρ¯ex ρ¯xx
 . (4.22)
Note that, to simplify notations, the explicit dependence on the variables (t, q⃗ ) is not shown on the rhs of
the equation.
For Majorana neutrinos in two flavors, the MNSPmatrix reduces to
U = VD =
 cos θ eiα/2 sin θ
− sin θ eiα/2 cos θ
 , (4.23)
where V is a rotation matrix, while D = diag(1, eiα/2) with α the (unknown) Majorana phase. The vac-
uumHamiltonian in the flavor basis (4.8) reduces to the usual form
h0 = ω
 −c2θ s2θ
s2θ c2θ
 , (4.24)
with ω = ∆m2
4E
, ∆m2 = m22 − m21, E = q is the neutrino energy, s2θ = sin 2θ and c2θ = cos 2θ. The
matter term (4.9) is
hmat,αβ(t) =
√
2
2
GF δαβ [2δαeYe(t)− (1− Ye(t))]nB(t), (4.25)
2In terms of an oriented triad of real orthogonal unit vectors (pˆ, pˆθ, pˆφ), for instance the standard unit vectors associated to
p⃗ in spherical coordinates, one has ϵˆp = pˆθ − ipˆφ. Note that, ϵˆp · ϵˆp = 0, ϵˆp · ϵˆ∗p = 2, ϵµ(pˆ)ϵµ(pˆ) = 0, ϵµ(pˆ)ϵ∗µ(pˆ) = −2 and
that ϵµ(−pˆ) = ϵ∗µ(pˆ).
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withnB the baryonnumber density,Ye the electron fraction. Note thatwe did not include the contributions
to the diagonal matrix elements from the matter currents, since they are much smaller than the scalar term.
The neutrino self-interaction Hamiltonian.(4.11)-(4.13) reads
hνν (t, q⃗ ) =
√
2GF
∑
α=e,x
[∫
(1− qˆ · pˆ)× (dnναρνα(t, p⃗)− dnν¯α ρ¯ν¯α(t, p⃗))]+ L− qˆ · k⃗, (4.26)
with L and k⃗ given by (4.12) and (4.17) respectively. The quantity dnνα denotes the differential number
density of neutrinos and the underline refers to the neutrinos initially born with α flavor. Besides such
contributions that are usually included in flavor evolution studies, the Hamiltonian presents the diagonal
mass term and the off-diagonal one that depends on thematter and the neutrino currents. Aswewill discuss,
since the diagonal contribution from the neutrino mass (4.18) is very small, it will not be implemented in
our calculations.
The generalized Hamiltonian matrix (4.3) reads3
hG (t, q⃗ ) =

−ωc2θ + λYe + heeνν ωs2θ + hexνν Φee Φex
ωs2θ + h
xe
νν ωc2θ + h
xx
νν Φxe Φxx
Φ†ee Φ
†
ex −ωc2θ + λ(1− 2Ye)− heeνν ωs2θ − hxeνν
Φ†xe Φ
†
xx ωs2θ − hexνν ωc2θ + λ(1− Ye)− hxxνν
 ,
(4.27)
where λ =
√
2GFnB . Note that the quantity λ2 (Ye − 1)I4×4, with I4×4 the identity matrix, has been
subtracted from the diagonal.
The helicity coherence terms (4.20) in the flavor basis are given by
Φ(t, q⃗) =
[
eiφq ϵˆ∗q · V⃗ (t)
]
U
m
2q
UT + U
m
2q
UT
[
eiφq ϵˆ∗q · V⃗ T(t)
]
. (4.28)
By using cθ = cos θ and sθ = sin θ, one can rewrite the factor associated with the mass matrix as
U
m
2q
UT = m0
 c2θ + eiαs2θ sθcθ(eiα − 1)
sθcθ(e
iα − 1) s2θ + eiαc2θ
+ ∆m2
4m0
 −c2θ + eiαs2θ sθcθ(eiα + 1)
sθcθ(e
iα + 1) −s2θ + eiαc2θ
 ,
(4.29)
where we have introduce the quantitym0 = (m1 +m2)/2.
3Here we have omitted again the explicit dependence on the variables not to overburden notations.
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4.2.3 The Dirac case withNf = 2
We present here the explicit expression for the Hamiltonian in the Dirac case. The equations of motion are
given in Appendix B. The main difference from the Majorana case is that the subsectors with the “wrong”
helicities, ρ++ and ρ¯−−, involve sterile components. Moreover, in the Dirac case, there are two 4 × 4 gen-
eralized Hamiltonians that need to be evolved: one for neutrinos, and one for antineutrinos. For neutrino,
the generalized density matrix (B.4) reads
ρD,G (t, q⃗ ) =
 ρ ζ
ζ† ρ˜
 =

ρee ρex ρ
−+
ee ρ
−+
ex
ρ∗ex ρxx ρ
−+
xe ρ
−+
xx
ρ+−ee ρ
+−
ex ρ˜ee ρ˜ex
ρ+−xe ρ
+−
xx ρ˜
∗
ex ρ˜xx
 . (4.30)
The (−−) sub-sector in the generalized Hamiltonian (B.3) is very similar to the one in the Majorana case ;
however, due to the fact that the sterile component does not interact with matter or neutrinos, the (++)
sub-sector includes only the 2 × 2 vacuum Hamiltonian. The generalized Hamiltonian for neutrinos is
therefore
hD,G (t, q⃗ ) =

−ωc2θ + λ′(3Ye − 1) + heeνν ωs2θ + hexνν Φ˜ee Φ˜ex
ωs2θ + h
xe
νν ωc2θ + λ
′(Ye − 1) + hxxνν Φ˜xe Φ˜xx
Φ˜†ee Φ˜
†
ex −ωc2θ ωs2θ
Φ˜†xe Φ˜
†
xx ωs2θ ωc2θ

, (4.31)
with 2λ′ = λ. A similar expression can be written for the generalized Hamiltonian for anti-neutrinos, h¯D,G
(B.6), with, of course, the (−−) and (++) sectors reversed.
4.2.4 Our schematic model based on neutron star mergers simulations
Neutron star mergers produce lots of low-energy neutrinos in the accretion disk during the post-merger
phase. At such sites, flavor evolution studies show the presence ofMNRconversionphenomena that require
a cancellation between the matter and the neutrino self-interaction contributions. As we will show, the
corresponding resonant condition is very close tooneof the resonant conditions due to thehelicity coherence
term. Moreover, MNR also shows a nonlinear feedback mechanism that presents a similarity (in the sense
that it is capable of maintaining the resonance over long distances) with the one found in the first (one-
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Figure 4.1: Geometry of our model. The blue surface shows the neutrinospheres, that wewill approximate later on as inĆnitely thin disks.
We chose the emission point (x0, z0) of our test neutrino νq on this surface, while the angle θq Ćxes the direction of its momentum qˆ (φq
is set to zero). The quantity J⃗⊥mat indicates the perpendicular matter current. Themomentum pˆ of the background neutrino νp also has a
component p⊥ perpendicular to the test neutrino, creating a neutrino current perpendicular to the test neutrino trajectory.
flavor) study ofmass effects in core-collapse supernovae [13]. In order to exploremass effects inmore realistic
settings, we have built a two-flavor schematic model in an extended mean-field approximation, based on
simulations of BNS mergers. Our goal is to identify if and under which conditions the mass contributions
can produce efficient flavor conversion. Such effects could impact the r-process nucleosynthesis of heavy
elements. Indeed, this process can occur in neutrino-driven winds in BNS mergers, as investigated in [93].
According to the detailed simulations ofRef. [126] a central object is formed by themerging process, with
a radius of about 30 km. In our scenario neutrinos produced in such an event evolve in a static background
of matter, neutrinos, and antineutrinos. Therefore, we will replace the t dependence of our variables with
a r dependence, i.e., the distance r traveled by the neutrino from its point of emission. To simplify the
problem while keeping the essential features, we approximate the neutrinospheres as infinitely thin disks
with maximal sizes Rν , as previously done in the literature [82, 83, 85, 86]. Three different disk sizes are
considered for νe, ν¯e and νx (or ν¯x) (Table 3.1). In particular, the νx and ν¯e neutrinosphere radii are very
close and smaller than the νe outermost radius. Note that this difference in Rν and in the luminosities
can induce a change of sign in the neutrino self-interaction potential, producing the so-called symmetric
matter neutrino resonance (sMNR) phenomenonwhere both electron neutrinos and antineutrinos modify
their flavor content. This phenomenon is first pointed out in an accretion-disk black hole scenario [82] and
further investigated in [83, 85, 86].
Our model is two-dimensional and has an azimuthal symmetry axis (see Figure 4.1). Neutrinos evolve
along a straight line trajectory (we neglect the bending due to the presence of strong gravitational fields).
In order to follow neutrino evolution along a given trajectory, we use a spherical coordinate system given
by (r, θ, φ) (Fig. 4.1)), while for the neutrino background it is useful to express (θ, φ) back to the emission
point (rd, ϕ, 0) on the disk, as first introduced in Ref.[137] (see Appendix C and Figure C.2). For thematter
Hamiltonian (4.9) we have used cylindrical averages of the the electron fraction and the baryon number
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density results of Ref.[126]. Therefore, in our calculations, both nB = nB(r) and Ye = Ye(r).
As for the self-interaction Hamiltonian, one needs to implement the differential number density dnνα
dnνα = jνα (p) dpdφpd cos θp, (4.32)
for neutrinos emitted isotropically from any point on the surface of the disk. A similar expression holds for
antineutrinos. The quantity
jνα (p) =
Lναfνα (p)
pi2R2να 〈Eνα〉
, (4.33)
is the neutrino number density per unit angle per unit energy, and (θp, φp) the spherical coordinates of pˆ
(Figure C.1). The angular integration is performed over the boundariesΩνα (Ων¯α) of the corresponding ν (ν¯)
neutrinosphere. Introducing Eq. (4.32)-(4.33) into (4.26) the explicit expression for the neutrino-neutrino
term reads
hνν(r, q, ℓq) =
√
2GF
∑
α=e,x
∫ ∞
0
∫
Ων¯α,να
dp dΩ (1− qˆ · pˆ))
[
ρνα(r, p, ℓp)
Lναfνα(p)
pi2R2να 〈Eνα〉
−ρ¯ν¯α(r, p, ℓp)
Lν¯αfν¯α(p)
pi2R2ν¯α 〈Eν¯α〉
]
, (4.34)
where the underline in να and ν¯α indicates the initial neutrino flavor. The variables, on which the neutrino
evolution depends, include ℓi ≡ (θi, φi,Q0) with the angles (θi, φi) (i = p or q) defining the neutrino tra-
jectory and the coordinates Q0 ≡ (x0, z0) giving the neutrino point of emission in the pixz plane. The
functions Lνα (Lν¯α) are the total neutrino luminosities, that have to be divided by two in (4.34) since we
consider the neutrino emitted in only one hemisphere, whereas fνα (fνα) are the neutrino (antineutrino)
spectra, at the neutrinospheres.
In this first exploratory work based on a two-dimensional model for two-neutrino flavors, we have used
an approximate treatment of the self-interaction Hamiltonian that consists in assuming that neutrino tra-
jectories are all coupled and follow the same flavor history as the test neutrino along a given trajectory, i.e.
ρν(r, p⃗) = ρν(r, p), (4.35)
and similarly for ρ¯ν . This procedure is analogous to the so-called ”single-angle” approximation in the core-
collapse supernova context, first introduced in the bulbmodel [11]. We emphasize that our treatment of the
self-interaction reduces to the “single-angle” approximation, if one imposes spherical and azimuthal symme-
try, as in the bulb model. According to multi-angle studies of flavor evolution in core-collapse supernovae,
the inclusion of the full angular dependence of the density matrices can introduce decoherence of collective
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flavor conversion effects (see e.g. [138]). In the event of positive findings in future studies, one would need
to go beyond and implement the full angular dependence in Eq. (4.35).
By imposing Eq. (4.35) the integral over the angular variables can be performed giving the geometrical
factor
Gνα(r, ℓq) =
∫
Ωνα
dΩ(1− qˆ · pˆ), (4.36)
and similarly forGν¯α . As a consequence, Eq. (4.34) becomes
hνν(r, q, ℓq) =
√
2GF
∑
α=e,x
∫ ∞
0
dp
[
Gνα(r, ℓq)ρνα(r, p)
Lναfνα(p)
pi2R2να 〈Eνα〉
− ρ¯ν¯α(r, p)Gν¯α(r, ℓq)
Lν¯αfν¯α(p)
pi2R2ν¯α 〈Eν¯α〉
]
.
(4.37)
The angular variables in (4.36) can be expressed as a function of the (rd, ϕ) variables defining the point in
the emission plane pixz (see Appendix C). The integral over ϕ is easily performed and the geometric factor
becomes
Gνα(r, ℓq) = z
∫ Rνα
0
drd rd Γ(rd, ℓq, r), (4.38)
where the explicit expression for Γ is given by Eqs.(C.13-C.14) (Appendix C).
For the mass effects, one needs to specify the matter and self-interaction contributions to the helicity co-
herence term (4.20) as well as the supplementary diagonal contribution (4.18). By taking constant matter
velocities, the matter currents contribution in Eq. (4.20) becomes
ϵˆ∗q · V⃗mat,αβ(r)=
√
2
2
GFβδαβ [2δαeYe(r)− (1− Ye(r))]nB(r). (4.39)
For the self-interaction contribution to the helicity coherence term, one needs to calculate ϵˆ∗q · V⃗self(r), that
is
h⊥νν(r, q, ℓq) =
√
2GF
∑
α
∫ ∞
0
dp
{∫
Ωνα
(ϵˆ∗ (qˆ) · pˆ) ρνα(r, p, ℓp)dnνα
−
∫
Ων¯α
(ϵˆ∗ (qˆ) · pˆ) ρ¯ν¯α(r, p, ℓp)dnν¯α
}
. (4.40)
Using the hypothesis (4.35), a perpendicular geometrical factor can be defined as
G⊥να (r, ℓq) =
∫
Ωνα
dΩ(ϵˆ∗ (qˆ) · pˆ) (4.41)
=
∫ Rνα
0
drd (rdz) Γ
⊥ (rd, ℓq, r) ,
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Figure 4.2: Geometrical factors for neutrinos (left) and antineutrinos (right Ćgure), as a function of distance, in our schematic model based
on binary star mergers. The two curves correspond toGν (4.38) (solid line) andG⊥ν (4.41) (dashed line) in the self-interaction Hamilto-
nian Eq. (4.37) and Eq. (4.40) respectively. Results correspond toModel C (Table 4.3).
Symbol Name Expression
h0
Vacuum contribution
to the Hamiltonian h0 = ω
( −c2θ s2θ
s2θ c2θ
)
hmat
Diagonal matter
Hamiltonian hmat,αβ =
√
2
2 GFnBδαβ [2δαeYe − (1− Ye)]
ϵˆ∗q · V⃗mat Off-diagonalmatter Hamiltonian ϵˆ
∗
q · V⃗mat,αβ=
√
2
2 GFnBβδαβ [2δαeYe − (1− Ye)]
Gνα Geometrical factor Gνα =
∫
Ωνα
dΩ(1− qˆ · pˆ)
G⊥να
Perpendicular
geometrical factor G
⊥
να =
∫
Ωνα
dΩ(ϵˆ∗ (qˆ) · pˆ)
hνν
Diagonal self-interaction
Hamiltonian hνν=
√
2GF
∑
α
∫
dp
[
Gναρνα
Lναfνα
pi2R2να 〈Eνα 〉
− ρ¯ν¯αGν¯α Lν¯αfν¯αpi2R2ν¯α 〈Eν¯α 〉
]
h⊥νν
Off-diagonal
self-interaction Hamiltonian h
⊥
νν=
√
2GF
∑
α
∫
dp
[
G⊥ναρνα
Lναfνα
pi2R2να 〈Eνα 〉
− ρ¯ν¯αG⊥¯να
Lν¯αfν¯α
pi2R2ν¯α 〈Eν¯α 〉
]
Table 4.1: Symbols, names and expressions of the relevant quantities involved in the neutrino evolution equations (see text).
where the dependence on the emission variables is shown. The explicit expression for Γ⊥ is given by Eqs.
(C.9)-(C.10) C. Figures 4.2 and 4.3 show the geometrical factor (4.41) as a function of the distance travelled
by the neutrinos from the neutrinospheres. The results correspond to the cases A and C (Table 4.3) which
can be considered as representative of the the typical behaviors ofG⊥ν , as we have been observing in our runs.
One can see thatG⊥ν have a similar r dependence asGν (4.38), as expected. Their absolute values turn out to
be suppressed by a few percents up to several factors, with respect to theGν value. As we will discuss, the r
dependence ofGν plays a crucial role on the possibility to have multiple crossings and a nonlinear feedback
mechanism in presence of helicity coherence (see Section 4.4). By including Eq.(4.41) into (4.40) one gets
the same expression Eq. (4.37) for h⊥νν with G⊥να Eq.(4.41) replacing Gνα Eq.(4.36). Table 4.1 sums up the
relevant quantities involved in the generalized Hamiltonian.
The neutrino total luminosities and spectra at the neutrinospheres are an essential ingredient of the self-
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interaction Hamiltonians hνν and h⊥νν . As in Ref. [86], we take the neutrino spectra fν¯ and fν at the neu-
trinospheres as Fermi-Dirac distributions,
fν(p) =
1
F2(0)
1
T 3
p2
exp(p/T ) + 1
, (4.42)
where T is the neutrino temperature. In this expression, we have F2(0) = 32ζ(3) ≈ 1.80, and Fk(0)
corresponds to the Fermi-Dirac integral of order k with zero degeneracy parameter,
Fk(0) ≡
∫ ∞
0
dx
xk
exp(x) + 1
. (4.43)
Table 3.1 gives the values of the luminosities and average energies for the different neutrino species used in
our investigation.
Unoscillated ν self-interaction potentials constitute a useful quantity to search for the location of helicity
coherence resonances. They have been exploited in previous studies of the MNR and sMNR Ref. [82, 83,
85, 86]. Such potentials are defined as
hunoscνν (r) =
√
2GF
∑
α=e,x
∫ ∞
0
dp
[
Gνα(r, ℓq)
Lναfνα(p)
pi2R2να 〈Eνα〉
(4.44)
−Gν¯α(r, ℓq)
Lν¯αfν¯α(p)
pi2R2ν¯α 〈Eν¯α〉
]
.
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Figure 4.3: Same as Figure 4.2 forModel A (see Table 4.3).
4.3 Results
4.3.1 Resonance conditions for helicity coherence
We present here our analysis on the resonance conditions in presence of mass contributions. Such situations
can be identified by looking at the unoscillated potentials, which will use to characterize our model cases (A,
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B, C) that will be presented in Section 4.3.2. As shown previously, the extended equations with mass terms
include both the diagonal Eq. (4.18)-(4.19) and the off-diagonal Eq. (4.20) contributions. In the following
discussion, we will neglect the diagonal one since they are suppressed by several orders of magnitude com-
pared to the other terms, as we have been verifying numerically. This is due to the fact that V⃗m Eq. (4.18)
involves correlators with helicity change Eq. (4.2), in addition to being proportional to the neutrino mass.
Majorana case
Conditions for the occurrence of MSW-like resonances4 are met when differences of diagonal elements of
the generalized Hamiltonian Eq. (4.3) become small, i.e. hG,ii − hG,jj ≃ 0 for i, j = 1 to 4 (i ̸= j).
In treatments where neutrino evolution does not include mass terms, neutrino and antineutrino equa-
tions of motions are only coupled through the usual self-interaction Hamiltonian Eq. (4.37). In this case,
the resonance condition in the neutrino sector reads
hG,11 − hG,22 = −2ωc2θ +
√
2GFnBYe + h
ee
νν − hxxνν ≃ 0. (4.45)
In accretiondisks aroundneutron starmerger remnants orblackholes, thematter andneutrino self-interaction
terms have opposite signs, because the ν¯e luminosity is larger than the νe one (see Table 3.1). This can pro-
duce a cancellation of the two contributions. The fulfillment of condition (4.45) and the presence of sizeable
Hex triggers theMNR resonance phenomenon where νe change their flavors while ν¯e do not. The location
at which this instability starts can be identified by looking at the matter and unoscillated neutrino profiles,
as pointed out in Ref. [83]. The same cancellation as (4.45) can take place in the antineutrino sector, since
the resonance condition is given by
hG,33 − hG,44 = −2ωc2θ −
√
2GFnBYe − heeνν + hxxνν ≃ 0. (4.46)
Note that depending on the neutrino luminosities and the geometrical factors, the self-interaction term can
change sign twice, triggering flavor conversion also in the antineutrino sector. This is a necessary condition
for the symmetric matter-neutrino resonance (sMNR) where neutrinos and antineutrinos can modify their
flavors [82].
Since we are looking for a situation in which the neutrino-antineutrino coupling produced by theΦ term
in Eq. (4.3) is effective, there are four resonant conditions between the neutrino and the antineutrino sectors.
The first one is
hG,11 − hG,33 =
√
2GFnB(3Ye − 1) + 2heeνν ≃ 0, (4.47)
4Note that other resonance phenomena might take place that do not necessarily require such conditions.
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Name Type Condition
MNR (neutrino sector) νe ↔ νx hG,11 − hG,22 ≃ 0
MNR (antineutrino sector) ν¯e ↔ ν¯x hG,33 − hG,44 ≃ 0
Helicity coherence
(electron flavor) νe ↔ ν¯e hG,11 − hG,33 ≃ 0
Helicity coherence
(nonelectron flavor) νx ↔ ν¯x hG,22 − hG,44 ≃ 0
Table 4.2: Relevant resonance conditions to the study of the role of helicity coherence on neutrino propagation in BNSmerger remnants.
Note that the resonance conditions Eqs. (4.48) and (4.50) are not met in such environments (see text).
where we have made use of the explicit expressions for hG (4.27). Note that this relation does not involve
vacuum terms, and therefore will not depend on the neutrino hierarchy nor on the neutrino energy. Its
fulfillment involves a cancellation between the matter term and the self-interaction term that is very similar
to the MNR condition (4.45), and it can be identified by using the matter and the unoscillated neutrino
self-interaction potential (4.44). Relation (4.47) can be met if Ye > 1/3 for heeνν < 0 or if Ye < 1/3 for
heeνν > 0. We recall that here hνν terms also include trace terms Eqs. (4.12) and (4.17).
The second relation
hG,11 − hG,44 = −2ωc2θ +
√
2GFnB(2Ye − 1) + heeνν + hxxνν ≃ 0, (4.48)
cannot be satisfied in the standard MNR set-up: a neutron-rich environment which is also ν¯e dominated
nearby the neutrinosphere with heeνν + hxxνν < 0. When a change of sign of heeνν + hxxνν occurs, which is the
case in the sMNR, this resonance may appear. The third relation
hG,22 − hG,44 = −
√
2GFnB (1− Ye) + 2hxxνν ≃ 0. (4.49)
is difficult to meet. Indeed, unless there is a sMNR, hxxνν is negative, hence (4.49) cannot be fulfilled since Ye
is always smaller than 1. Finally the last condition is given by
hG,22 − hG,33 = 2ωc2θ +
√
2GFnB(2Ye − 1) + heeνν + hxxνν ≃ 0, (4.50)
which [like (4.48)] cannot bemet in the case of a standardMNR.Note that the location of resonances from
the neutrino mass terms are affected by the presence of the MNR, since the MNR obviously modifies the
self-interaction contributions that appear in the helicity resonance conditions. Note that (4.47)-(4.50) agree
with those of Ref. [139]. Table 4.2 summarizes the resonance conditions which are relevant to our numerical
studies.
From (4.45)-(4.47), a general relation for the resonance conditions associated with the neutrino mass can
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be obtained
√
2GFnBYe >
√
2GFnB(3Ye − 1) ≃ 2|heeνν | > |heeνν − hxxνν | > |heeνν |. (4.51)
The first inequality holds if Ye < 1/2, while the second is valid in the case of a standard MNR, where
|heeνν | > |hxxνν |. The central approximate equality corresponds to relation (4.47), while the two quantities on
the left and on the right correspond to theMNR resonance condition (4.45). Relation (4.51) shows that the
standard MNR and the helicity coherence condition (4.47) cannot be satisfied simultaneously, while this is
possible in the case of a symmetric MNR.
Dirac case
If neutrinos areDirac particles, the generalizedHamiltonian that governs the evolution is given by Eq. (4.31).
In this case the resonance conditions read
hD,G,11 − hD,G,33 = 1
2
[hG,11 − hG,33] ≃ 0, (4.52)
hD,G,22 − hD,G,44 = 1
2
[hG,22 − hG,44] ≃ 0, (4.53)
hD,G,11 − hD,G,44 = 1
2
[hG,11 − hG,33]− 2ωcθ ≃ 0, (4.54)
hD,G,22 − hD,G,33 = 1
2
[hG,22 − hG,44] + 2ωcθ ≃ 0. (4.55)
In theDirac case the two conditions Eqs. (4.52) and (4.54) can be satisfied in the same conditions than (4.47);
while Eqs. (4.53) and (4.55) requires a change of sign of heeνν + hxxνν .
4.3.2 Numerical results on flavor evolution
We now present our numerical results on flavor evolution. We show neutrino survival probabilities and
quantify the adiabaticity of neutrino evolution through the resonances. We have studied a large ensemble of
conditions, both for the potential profiles and parameters. We emphasize that computations are particularly
demanding; indeed, we solve the coupled evolution equations of the full 4 × 4 generalized density matri-
ces with four different initial conditions, in a two-dimensional model, using 103 energy bins. We present
results on the neutrino evolution up to 300 km from the neutrinosphere, distance at which the numerical
convergence is achieved. Note that the inputs from BNSmerger simulations Ref. [126] have been obtained
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Model Type x0 z0 θ0
A MNR 15 32 15◦
B helicity coherence 12 27 40◦
C MNR and helicity coherence -30 20 55◦
Table 4.3: Characteristics of the three scenarios considered in our schematic model. The second and third columns give the location of the
neutrino emission pointx0 (km), z0 (km) while θq deĆnes the neutrino trajectory in thepixz plane (Figure 4.1).
following the same procedure as in Ref. [86].
In the present study, we have searched mostly for the helicity coherence resonance conditions (4.47),
which is the most interesting one in our astrophysical setting, as well as more generally when Ye < 1/2.
We choose to present three model cases A, B, and C, that correspond to different astrophysical conditions
during neutrino evolution. In Model A the MNR condition (4.45) is met, while mass contributions are
included without fulfillment of the helicity coherence resonance (4.47). In Model B, the helicity coherence
resonance condition (4.47) is met, while the MNR condition, which is also met, leads to no flavor conver-
sions. Model C has both the MNR (4.45) and helicity (4.47) conditions fulfilled and the MNR effectively
leads to flavor conversions. Table 4.3 shows the initial location and the angles defining the neutrino trajectory
followed in the three models. Note that we set φq = 0 since neutrinos follow straight-line trajectories.
In order to fully unravel the effects of the mass terms, we have explored a range of values for each parame-
ter. For the total neutrino luminosity, we have used values from Ref. [126] and rescaled ones, to investigate
luminosity variations within the range compatible with available BNS merger simulations (see Ref.[86] for
a detailed discussion). For the anisotropic matter term, we have considered matter velocities in the range
β ∈ [0.05, 0.1], the value of β = 0.1 being an upper bound for this type of scenarios. In particular, we
make the ansatz that the perpendicular quantity is of the same order as the radial ones (see Figures 15, 16, 19
of Ref. [126]). Our numerical results show that anisotropies from thematter currents are always suppressed
compared to the neutrino current anisotropies. Therefore our optimistic ansatz for the perpendicular ve-
locities will have little impact on our conclusions. The results shown below are all obtained with the value
β = 0.1.
The additional contributions due to the neutrino mass depend on the mass matrix Eq.(4.29). The neu-
trino mixing parameters used in our simulations are∆m2 = 2.43 × 10−3 eV2 and sin2 θ = 0.087, which
are consistentwithmeasured values [55]. As for the hierarchy, which is still unknown, themass effects do not
appear to depend on the sign of∆m2, Eq. (4.47). A slight dependence is presentwhen theMNRoccurs. We
have performed calculations both by taking/neglecting the∆m2 term in Eq.(4.29) and theMajorana phase.
Our results turned out to be insensitive to them.
Adiabaticity of the evolution at a resonance location is crucial for flavor or helicity conversions to occur.
Different approaches can be used to quantify it (see e.g. [80, 112]), including the SU(2) neutrino isospin
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formalismwhich is applicable to the two-flavor framework (Appendix D). Since in our model two neutrino
and antineutrino flavors are coupled to each other, the densitymatrix is a 4×4matrix. However, it turns out
that inmost cases either there are flavor conversions because of theMNRwhile neutrinos and antineutrinos
propagations are decoupled, or the helicity coherence resonance is met while MNR is ineffective. There-
fore, we can effectively apply the SU(2) neutrino isospin formalism to our system. In the numerical results
presented below, the angle between the effective isospin and magnetic field will be shown to quantify adia-
baticity.
Model A
In this first model, our goal is to establish whether some effects due to neutrino mass would appear in
the absence of a helicity coherence resonance. For this reference case, the luminosities used are rescaled as
Lνe,res = 0.65Lνe , Lνx,res = 1.16Lνx , while the ν¯e luminosity is unchanged. Figure ?? shows the matter
and unoscillated ν-ν potential (4.44) for Model A. While neutrino self-interaction is larger than the matter
potential close to the neutrinosphere, they cross at 40 km, the location for a MNR resonance. In Model A,
though there is a helicity coherence resonance which would occur around 150 km due to flavor conversions,
we will focus on the region before to show a reference calculation where the resonance helicity condition is
not fulfilled. We expect that, in the absence of resonance condition for themass terms, no new effects appear
in the MNR region, since the coupling m
q
is small. Indeed, we find the same flavor conversion due to the
MNR, as in absence of mass contributions.
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Figure 4.4: Matrix elements appearing in theMNR Eq. (4.45) and helicity resonance conditions (4.47) forModel A (Table 4.3). The values
correspond to thematter and to the unoscillated self-interaction potentials Eqs. (4.25) and (4.44) respectively. The green pentagon
shows the location of the beginning of theMNR, while the blue dot shows the location of the helicity coherence resonance.
The numerical results here are given for α = 5pi
6
andm0 = 0.1 eV. The survival probabilities for neutri-
nos and antineutrinos are given in Figure 4.5 for the MNR resonance region only and for several neutrino
energies. One can see that electron neutrinos efficiently convert into νx whereas the antineutrinos do not
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modify their flavor content, which is characteristic of MNR.
For neutrinos, there is an energy range between 4 MeV and 13 MeV for which flavor conversions are
efficient. Above 13MeV, though the resonance condition is fulfilled, Figure 4.5 shows that the isospins do
not follow the evolution of the effective magnetic field, making the resonance non-adiabatic. A detailed
discussion on adiabacity in presence of the MNR is made within schematic models in Refs. [131, 130]. In
order to establish the importance of each term in (4.45) to maintain the resonance over such a long distance,
we have performed a run where artificially the oscillating part of the term hxxνν is set to zero (keeping only the
trace part). The results are intriguing since we find that even with this term set to zero, the resonance still
maintains over tens of kilometers, the value of heeνν being readjusted at each time by the nonlinearity.
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Figure 4.5: Model A:Electron neutrino (left) and antineutrino (middle Ćgure) survival probabilities for different energies, in presence of a
MNR starting at 40 km (see Figure 4.4). The averaged probability is also presented. The right Ćgure shows the locally-averaged cosine of
the angle between the effective isospin andmagnetic Ćeld.
Model B
Having shown that in the absence of helicity coherence resonance, no effects arise from the mass terms, we
now explore the case in which there are resonances. Results for thematter and unoscillated ν-ν potential Eq.
(4.44) for Model B are shown in Figure 4.6. Nearby the neutrinosphere, the neutrino potential dominates
over thematter one, while after a few tens of km the situation gets reversed: theMNRcondition ismet at the
crossing point, around 12 km. However, the adiabaticity of the evolution is not sufficient to trigger flavor
conversions. On the other hand, the helicity coherence resonance Eq. (4.47) is met at 34 km.
As explained before, the computations in this scenario are very demanding. Since we established that in
the absence of a helicity coherence resonance, the results were the same for the full 4× 4 problem as for two
decoupled 2×2neutrino and antineutrinomatrices, we solve the full problem around the helicity coherence
resonances using as initial conditions the results obtained in the absence of the mass couplings5. Note that
the results correspond to the first helicity coherence resonance in Figure 4.6. Similar results were obtained
for the second resonance.
5This is done to keep the computational times manageable.
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Figure 4.6: Same as Figure 4.4 but forModel B (Table 4.3).
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Figure 4.7: Model B:Resonance condition (4.47) (left) as well as the off-diagonal matrix elementhG,13 (right) that is non-zero in pres-
ence of the neutrinomass. The helicity coherence resonance can be seen at 34 km. The different colors correspond to different neutrino
energies. The solid lines are the results form0 = 0.1 eV, while the dotted lines are for the unrealistic value ofm0 = 100 eV.
Figure 4.7 shows the resonance condition (4.47) as well as the off-diagonal matrix element hG,13 that is
non-zero in presence of the neutrino mass, for an absolute mass of m0 = 0.1 eV, and for the unrealistic
valuem0 = 100 eV. In both cases, theMajorana phase is taken to beα = pi3 . This case is taken as an example
to point out that, even when the off-diagonal terms are multiplied by a factor of 103 artificially, it is not
sufficient to trigger a nonlinear feedback mechanism and the resonance width stays very narrow. We will
elaborate on this aspect in Section 4.4.
Figure 4.8 shows the electron neutrino survival probability and the angle quantifying the adiabaticity
through the helicity coherence resonance for three different energies as typical examples. As one can see
the evolution is completely non-adiabatic at the resonance, explaining why there are no helicity conversions.
Note that the evolution stays non-adiabatic even when the absolute neutrino mass is larger by a factor of
103.
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Figure 4.8: Model B:Electron neutrino survival probability (left) and adiabaticity (right). The results for different energies are indistin-
guishable.
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Figure 4.9: Same as Figure 4.4 but forModel C (Table 4.3).
Model C
In model C, we look into the scenario where both an effective MNR and the helicity coherence resonance
are met. The luminosities used here are rescaled νe and ν¯e luminosities Lνe,res = 1.67Lνe , Lν¯e,res = 1.1Lν¯e ,
while the νx luminosities are unchanged. Figure 4.9 shows the matter potentials and the unoscillated neu-
trino potentials. In the first kilometers, the matter dominates over the neutrino potential, with two helicity
coherence resonances around 2 km and 7 km, up to 15 km where a first MNR crossing occurs. Then, the
neutrino potential dominates until the secondMNR crossing at 59 km, which is a symmetric MNR. There
is another helicity coherence resonance at 64 km. In this model, there is a change of sign for heeνν , and a little
bit later, Ye goes from Ye > 13 to Ye <
1
3
:because of these two changes, there is a fourth helicity coherence
resonance at 208 km.
The first two helicity coherence resonances are very similar to the one observed in model B because they
occur prior to any flavor conversions. Indeed, numerical computations give the same results as before: a
very narrow resonance, without any helicity conversion. The first MNR crossing does not lead to any flavor
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Figure 4.10: Model C:Electron neutrino (left) and antineutrino (right) survival probabilities for different energies, in presence of a symmet-
ricMNR at 59 km (see Figure 4.9) and of a helicity coherence resonance around 103 km. The averaged probabilities are also shown.
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Figure 4.11: Model C:Resonance condition (4.47) (left) and the off-diagonal matrix elementhG,13 (right) for two different value of the
absolutemassm0.
conversions, the adiabaticity of the evolutionbeing not sufficient, while the secondMNRcrossing is efficient.
Because of these conversions, the potential heeνν is modified and no longer changes of sign. The oscillated
neutrino potentials obtained with our 2 × 2 code shows that because of flavor conversions, the last two
helicity coherence resonances are turned into three resonances at 70, 82 and 91 km.
We numerically investigated these resonances, which are superimposed with the symmetric MNR, and
obtained the same results as for the symmetric MNR without mass terms. Neutrinos and anti-neutrinos
survival probabilities are shown in Figure 4.10 for different neutrino energies, in the region where both the
MNRand thehelicity resonance condition are fulfilled. At theMNR,neutrinos undergo a strong (adiabatic)
conversion while antineutrinos evolve semi-adiabatically through the resonance. At the helicity coherence
resonance, both neutrinos and antineutrinos have a non-adiabatic evolution.
Figure 4.11 shows |hG,11 − hG,33| and its associated off-diagonal element with two different values of the
neutrino absolute massm0 = 0.1 eV andm0 = 100 eV, around the helicity coherence resonance. As in
the case of model B, we take α = pi
3
. Their behaviors are similar to those of model B. In particular, despite
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having |hG,13| close to |hG,11 − hG,33| for the lower energies and for m0 = 100 eV, the resonance is too
narrow to render helicity conversions possible.
Note that, in this model, the MNR is symmetric, and heeνν + hxxνν changes of sign. Because of this, we
also meet the three other resonances Eqs. (4.48), (4.50) and (4.49). Numerical investigations show that they
are very similar to the helicity coherence resonance (4.47): the evolution through these extremely narrow
resonances is completely non-adiabatic, hence, no conversion occurs.
4.4 Nonlinear feedback mechanisms
Wediscuss here general aspects of the conditions to havemultipleMSWresonances and a nonlinear feedback
mechanism. Byusing first-order perturbative developments of thematrix elements, we first analyze two cases
where such mechanisms operate, using heuristic arguments. Then, we study why the necessary matching
conditions are difficult to meet in more realistic helicity coherence models. Obviously, the arguments we
give are valid if the average variations on short timescales catch the behavior on larger timescales.
4.4.1 Nonlinear feedback in theMNR
TTheMNRphenomenon can extendover longdistances (several hundreds of kilometers) due to a nonlinear
feedback mechanism that appears because of the self-interaction term. It involves multiple MSW-like reso-
nances, as discussed in Refs. [131, 86]. Therefore to maintain the resonant phenomenon, condition (4.45)
λYe ≃ − (heeνν − hxxνν) + 2ωc2θ, (4.56)
has to be encountered several times. On the left-hand side, the matter profile depends on the distance r
and is determined by the model used. On the right-hand side, the self-interaction term depends on the
geometrical factors (C.11)-(C.14) (Appendix C), the conversion probabilities and the neutrino fluxes. Note
that for antineutrinos, the vacuum term has an opposite sign, making the value of the electron density at
the resonance location slightly smaller than the one for neutrinos. In Eq. (4.56) the difference between the
diagonal elements of the self-interaction Hamiltonian can be rewritten as6
heeνν − hxxνν =
√
2GF
∫ ∞
0
dp {(2Pνe→νe − 1) (Gνejνe −Gνxjνx)
− (2Pν¯e→ν¯e − 1) (Gν¯ejν¯e −Gνxjνx)} . (4.57)
where trace conservationhas beenused. Figure 4.12 presents an enlarged regionof thematter potential aswell
as the oscillated self-interaction term heeνν − hxxνν for neutrinos and antineutrinos. This is a typical example
6Note that, in this section, the dependence on time and energy of the various quantities is not explicitly shown for readability.
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of the situations encountered in simulations. One can see that the resonance condition is multiply crossed,
which is a characteristics of a nonlinear feedback.
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Figure 4.12: Matter proĆleλYe for model A (solid line), and the right-hand side of Eq. (4.56) for neutrinos (dashed line) and antineutrinos
(dotted line). The pentagons show themultiple crossing where NMR resonance condition Eq. (4.56) is fulĆlled.
Let us assume that the resonance condition (4.56) is reached for neutrinos at time t, and estimate if it
would be possible to encounter it at time t+∆t. By assuming that the resonance triggers a small conversion
of neutrinos, during the time lapse t→ t+∆t, the electron neutrino survival probability becomes
Pνe→νe → Pνe→νe −∆P , (4.58)
with∆P > 07, while the matter term in (4.56) gets
λYe → λYe + d(λYe)
dt
∆t. (4.59)
On the other hand, the corresponding variation of the self-interaction term in Eq.(4.56) includes two con-
tributions
1√
2GF
(heeνν − hxxνν)→
1√
2GF
(heeνν − hxxνν)
− 2
∫ ∞
0
dp∆P (Gνejνe −Gνxjνx)
+ ∆t
∫ ∞
0
dp
[
(2Pνe→νe − 1)
(
G˙νejνe − G˙νxjνx
)
− (2Pν¯e→ν¯e − 1)
(
G˙ν¯ejν¯e − G˙νxjνx
)]
. (4.60)
The second term, arising from∆P , is negative becauseGνejνe > Gνxjνx . As for the third term, in the case
of the MNR, (2Pνe→νe − 1) ≤ (2Pν¯e→ν¯e − 1) and as it can be observed from Figures 4.2-4.3, |G˙ν¯ejν¯e −
7We assume that the amplitude of the oscillations of the probabilities are small compared to the conversions triggered by the
resonance, hence the sign of∆P . Note that antineutrinos are not converted since we consider the MNR and not the sMNR.
95
G˙νxjνx| ≥ |G˙νejνe − G˙νxjνx |. Hence, the third term has a positive sign since it is dominated by antineutri-
nos and the derivatives of the geometric coefficients are always negative.
To fulfill condition (4.56) again at time t + ∆t, we need to have a matching between the variation of
the self-interaction contribution and the slope of the matter potential. This matching requires the flavor
conversions and the decrease of the geometric factors to compensate. For example, for an increasing matter
profile, we find that the flavor conversionmust have a bigger weight than the decrease of the geometric factor
in order to have multiple crossings due to nonlinear feedback. Let us emphasize that the oscillations of the
self-interaction term, on the right-hand side of Eq. (4.56), around the matter potential, are possible because
these two contributions have opposite signs; hence, they create a yo-yo effect (see Fig. 4.12)8.
Interestingly we have observed that imposing the nontrace part of hxxνν to be zero does not prevent the
nonlinear feedback to happen. Indeed, the same analysis can be repeated and shows that nonlinear feedback
is still possible.
4.4.2 Nonlinear feedback in a one-flavor model
Having discussed under which conditions the nonlinearity of the equations enables multiple resonances for
the MNR, we perform a similar analysis for helicity coherence effects within the model of Ref. [13]. In fact,
it is found that a cancellation between the matter and the self-interaction terms occurs over long distances,
and a nonlinear feedback mechanism produces significant flavor change (depending on the parameters of
the model). Such a model considers only one neutrino flavor and the associated antineutrino, propagating
in amatter background of electrons, (anti)neutrinos, and neutrons. Neutrinos traveling along the symmetry
axis of a cone interact with those emitted with a fixed angle θ = 45◦.
With these assumptions, the generalized Hamiltonian is
hG(t) =

√
2GFnBYe + h
ee
νν
m
p
h⊥,eeνν
m
p
(
h⊥,eeνν
)† √
2GFnB (1− 2Ye)− heeνν
 , (4.61)
where heeνν = 2
√
2GF (1− u) (nν − nν¯), u = cos(θ), with the (anti)neutrino number density nν (nν¯)
and
nν − nν¯ =
∫
dp φ (p) ρee (r, p) =
∫
dp φ (p)Pνe→νe (r, p) , (4.62)
φ being a function that includes the Fermi-Dirac distributions and other numerical factors (which are not
8Had they had the same sign, more peculiar conditions would have been needed to get several crossings.
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relevant here). The off-diagonal term in Eq. (4.61) is
h⊥,eeνν = 2
√
2GF
√
1− u2 (nν − nν¯) . (4.63)
With this generalized Hamiltonian, the helicity coherence resonance condition becomes
√
2GFnB (3Ye − 1) + 2heeνν ≃ 0, (4.64)
and is satisfied if a cancellation between the matter and the self-interaction terms takes place. The Ye value
at resonance can be written as
Y rese ≃
1
3
− 4
3
(1− u) nν − nν¯
nB
. (4.65)
In [13], it is argued that the neutrino contribution being relatively small, this resonance is located around
Y 0e =
1
3
. In the model, nB is taken to be a constant while Ye is increasing according to the profile Ye =
Y 0e +
r
λ
(
1 + r
2
κ2
)
, where λ and κ are two parameters that are allowed to vary.
Let us perform the same analysis as for the MNR, and suppose that the resonance condition (4.65) has
been fulfilled at time t, and has triggered a small neutrino conversionPνe→νe → Pνe→νe −∆P . Note that,
here, ∆P is due to a conversion of neutrinos into antineutrinos and vice versa. Then, the lepton number
density (4.62) decreases
nν − nν¯ → nν − nν¯ −∆nν−ν¯ , (4.66)
where∆nν−ν¯ =
∫
dp φ (p)∆P .
Therefore the Ye value at resonance increases according to
Y rese → Y rese +
4
3
(1− u) ∆nν−ν¯
nB
. (4.67)
Since the chosen Ye profile increases, it is possible to encounter the resonance more than once. However, as
in the case of theMNR, oneneeds thematching between the slope ofYe and the conversion∆P of neutrinos
into antineutrinos on a short timescale, which is expected to be small. Therefore, this analysis indicates that,
provided that Ye increases very slowly, the resonance condition can be fulfilled several times9.
4.4.3 Nonlinear feedback and helicity coherence
Let us now explore the possibility of having a nonlinear feedback for the helicity coherence resonance. We
study here the resonance condition (4.47), though the discussion can be easily extended to the three other
9Note that, since here there are no variations due to geometry, the small oscillations of the survival probabilities are sensible,
and lead oscillations of Y rese (see Figure 3 of Ref. [136]).
97
resonance conditions (4.48), (4.50) and (4.49). The resonance condition (4.47) is fulfilled for
nB (3Ye − 1) ≃ − 2√
2GF
heeνν . (4.68)
Inmost caseswehave studied, the electron-antineutrino contributiondominates along the trajectories, hence
heeνν ≤ 0, making resonance condition fulfilled for Ye ≥ 13 . The self-interaction term (4.37) can be written
as
1√
2GF
heeνν =
∫ ∞
0
dp [(Pνe→νe + 1)Gνejνe
− (Pν¯e→ν¯e + 1)Gν¯ejν¯e
+ (Pνx→νe − Pν¯x→ν¯e)Gνxjνx ] . (4.69)
We consider the case ofModel Bwhere theMNRresonance condition is notmetwhile the helicity coherence
one is. In this case, Pνx→νe and Pν¯x→ν¯e are frozen and equal to zero, while the variations of Pνe→νe and
Pν¯e→ν¯e are both equal to∆P .
Let us suppose that the resonant condition (4.68) is fulfilled at time t and has triggered conversion of
neutrinos into antineutrinos. By using Eq. (4.58) and a similar relation for antineutrinos, the self-interaction
term varies as 10
1√
2GF
heeνν →
1√
2GF
heeνν −
∫ ∞
0
dp∆P (Gνejνe −Gν¯ejν¯e)
+ ∆t
∫ ∞
0
dp
[
(Pνe→νe + 1) G˙νejνe
− (Pν¯e→ν¯e + 1) G˙ν¯ejν¯e
]
. (4.70)
The contribution due to∆P is positive when antineutrinos dominate the emissions at the neutrinosphere,
while the one from the gradient of the geometrical factors is also positive in BNSmerger environments. This
gives an overall positive sign. If the matter potential gradient is positive, the matching condition becomes
impossible. On the other hand, if the matter gradient is negative, peculiar conditions would be necessary to
produce oscillations (which is characteristic of a nonlinear feedback mechanism) of heeνν around the matter
term
√
2GFnB (3Ye − 1) (similarly to Fig. 4.12 for the MNR).
It can be noticed that even if we had an electron-neutrino-dominated environment such as core-collapse
supernovae, in which the fulfillment of the resonance condition (4.68) would require Ye < 13 , the two con-
10As for the MNR, we suppose that the small oscillations in the survival probabilities are negligible in comparison with the
variations of the geometric coefficients.
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tributions to the variation of heeνν would still have the same sign11, making it difficult to establish a nonlinear
feedback mechanism. A different geometry with softer geometric factors might make the matching of the
two terms in the helicity resonance condition easier to meet.
Let us conclude that for such a resonance, a nonlinear feedback would enable to increase greatly the adi-
abaticity. Indeed, using the expression of the adiabaticity parameter γm introduced in (D.5), we find that
without a matching of the derivatives of hG,11 and hG,33, γm is proportional to (mq )2. For a typical value of
m
q
≈ 10−7 − 10−8, we see that this adiabaticity parameter is extremely small. A nonlinear feedback would
enable the matching of the derivative, and increase γm up to γm = O(mq ).
4.5 Conclusions
We have explored the impact of mass contributions on neutrino flavor evolution in astrophysical environ-
ments. These nonrelativistic corrections appear in extended mean-field descriptions of neutrino propaga-
tion. We have discussed conditions for the resonances associated with suchmass terms and pointed out that,
in particular, they require the matter potential to be larger than the neutrino self-interaction potentials.
We have presented the first study of mass effects in a binary neutron star merger environment. In par-
ticular, we have built a two-flavor model based on two-dimensional BNS merger simulations. We have
presented numerical results on the neutrino probabilities and adiabaticity during flavor evolution for the
following three model cases where resonance conditions are fulfilled: A) MNR, B) helicity coherence, and
C) MNR and helicity coherence. These are representative of the ensemble of results we have obtained. An
important result is that resonance conditions can be met in simulations of astrophysical environments such
as BNSmergers. However, adiabaticity is not sufficient to produce efficient flavor conversion due to helicity
coherence.
It has to be noted that our model is based on the ansatz that, in the self-interaction Hamiltonian, the
flavor evolutionof the neutrinomodes behaves the same as the test neutrino. This approximation givesmore
weight to the geometrical factor present in the helicity coherence term. Therefore, one cannot exclude the
possibility that the implementationof the full geometrical dependence of the densitymatrixmight introduce
some differences with respect to our findings. It is likely, however, that the induced decoherence among the
neutrino modes might also not be in favor of adiabaticity.
Some general conclusions can be drawn from the present investigation regarding mass effects. First of
all, resonance conditions for helicity coherence can be met in realistic astrophysical scenarios. On the other
hand, the factorm/q suppresses the mass terms values by 10−7 − 10−8, if one considers a typical neutrino
energy and 0.1 eV as an upper limit on the absolute neutrino mass. However, their role could be magnified
11Unless there are very specific flavor conversions beforehand.
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by a nonlinear feedback mechanism. We have investigated why multiple crossings (which are characteristic
of such a feedback) are absent in our study. To this aim, two cases have been considered where nonlinear
feedback is operative: the neutrino-matter resonances and the model of Ref. [13]. In fact, in the case of
the MNR, there is a matching between the derivative of the matter potential and the variations of the self-
interaction contribution. Such a matching is possible if the variation arising from the flavor contribution
and the one arising from the decrease of the geometric factors have the proper weights in order to enable the
difference of the self-interaction terms to follow the matter term.
In themodel of Ref. [13] the signs of the variations on short time scales still allow formultiple resonances.
Because the adiabaticity is governed by the derivative of thematter term, this matching produces sufficiently
adiabatic evolution and a nonlinear feedback. This is in agreement with the results of Ref. [13], where it was
shown that, for a given value of themassm,λhas to be chosen large enough so that the nonlinearmechanism
can take place. Note that there the nonlinear adjustment does not involve geometrical factors.
Our analysis reveals that the MNR and helicity coherence resonances are essentially of the same nature.
Indeed, they both come from the cancellation of a matter term and a self-interaction term. Moreover, the
conditions required to trigger a nonlinear feedback phenomenon are very similar, though the weighting of
the different terms differs.
For the case of helicity coherence we have argued that the peculiar conditions for multiple crossings of
the resonance condition are difficult to meet because of the strong r dependence of the geometrical factors,
the ν¯e over νe dominance in BNS mergers, and the derivative of the matter potentials. However, our find-
ings also show that —even in a core-collapse environment where Ye < 1/3—it would still be difficult to
have multiple resonances under normal conditions. Softer geometric coefficients (found in different envi-
ronments) could make it easier to achieve this matching. Therefore, based on our results, we can state that
the findings of Refs. [13] and [140] are due to peculiar chosen mater profiles which are unlikely to be found
in general conditions.
In conclusion, the results obtained in the presented work confirm that the mean-field equations usually
employed are on a safe ground as far as flavor evolution is concerned and that helicity coherence is unlikely
to produce significant flavor changes in realistic astrophysical environments.
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The main goal of the second project of the thesis is to explore the role of nonstandard neutrino- matter
interactions on the neutrino evolution in accretion disks around binary neutron star merger remnants. The
study is based on the detailed simulation of [126] for the astrophysical setting. We employ the usual mean-
field equations for density matrices for this investigation.
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5.1 Introduction
The presence of nonstandard interactions can alter flavor conversion. Limits on nonstandard neutrino self-
interactions are rather loose [141], whereas scattering and oscillation experiments give tight bounds on non-
standard neutrino-matter interactions (NSI) [142, 143, 144]. The first measurement of neutrino-nucleus
coherent scattering provides interesting NSI constraints [145]. The existence of NSI would modify the in-
terpretation of oscillation experiments in particular for the inferred values of the squared-masses and the
mixings, and could provide with an explanation of observed anomalies.
Within a supernova core, flavor changing neutral current interactions would impact the scattering rates
and the electron fraction, altering the infall [146]. Nonstandard four-fermion neutrino self-interactions
might produce flavor equilibration both in normal and inverted mass ordering [147] or could modify the
neutronization burst signal of a supernova explosion [148]. Novel interactions can also produce resonant
conversion near the neutrinosphere and influence the r process in supernovae [149]. In particular, the Inner
(I) resonance —a Mikheev Smirnov Wolfenstein (MSW)-like resonance [8, 37]— can take place due to the
cancellation between the matter and the NSI contributions to the neutrinoHamiltonian [14]. Refs. [15, 16]
have pointed out that the I location appears to be little affected by neutrino self-interactions. Moreover,
Ref. [16] has shown that NSI contributions can provide with the necessary cancellation for the occurrence
of MNR in supernovae.
In the second project, we investigate nonstandard interactions in BNS remnants and focus on the NSI
impact on flavor evolution. We shed a new light on the I resonance mechanism and show that the neutrino
self-interactions can produce I resonances as synchronized MSW effects. Moreover, we present how NSI
can modify both location and adiabaticity of the MNRs. Our calculations are based on the matter density
profiles and electron fractions taken from detailed astrophysical simulations of BNS remnants [126]. We
discuss the effects of nonstandard interactions on the electron fraction Ye, a key parameter for r process
nucleosynthesis in neutrino-driven winds, in the light of the study of Ref. [93].
The chapter is structured as follows. Section 5.2 presents the model with NSI. Numerical results on the
flavor evolution for different sets of NSI parameters are given in Section 5.3. The NSI effects on the I and
MNR resonances are discussed. Section 5.4 is a conclusion.
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5.2 The model
5.2.1 Neutrino evolution equations in presence of nonstandard interactions
We remind that the evolution of a system of neutrinos and antineutrinos in an astrophysical environment is
governed by the Liouville-Von Neumann equations
iρ˙ (t, q⃗) = [h (t, q⃗) , ρ (t, q⃗)] , i ˙¯ρ (t, q⃗) =
[
h¯ (t, q⃗) , ρ¯ (t, q⃗)
]
, (5.1)
where ρ (t, q⃗) (2.101) and ρ¯ (t, q⃗) (2.102) are single-particle density matrices, and h (t, q⃗) ≡ Γνν (t, q⃗) (2.103)
and h¯ (t, q⃗) ≡ Γν¯ν¯ (t, q⃗) (2.104) mean-field Hamiltonians for neutrinos and antineutrinos respectively.
Since neutrinos propagate through an astrophysical background, the mean-field Hamiltonians include the
neutrino charged- and neutral-current interactions with the particles composing the medium, usually elec-
trons, protons, and neutrons, as we will be considering in the present work. Therefore h is given by
h = h0 + hmat + hνν , (5.2)
where the first term corresponds to the vacuumHamiltonian, the second to the neutrino standard and non-
standard interactions with matter and the last one to neutrino self-interactions. The same expression holds
for h¯with a minus sign for the h0 contribution. In the flavor basis, the vacuum term reads
h0 = UhvacU
†, (5.3)
with hvac = diag(Ei),Ei=1,Nf being the eigenenergies of the propagation eigenstates withNf the number
of neutrino flavors. The quantity U is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)Nf × Nf unitary
matrix relating the mass to the flavor basis [5].
As for the matter term, it comprises the standard contribution from neutrino-electron charged currents1
and a nonstandard term related to neutrino-matter interactions
hmat = hCC + hNSI, (5.4)
wherehCC = diag(VCC , 0) andVCC =
√
2GFρe, withGF the Fermi coupling constant and ρe the net elec-
tron number density. Note that here anisotropic contributions to thematterHamiltonian are not included2.
1We note that the standard neutrino-matter neutral current contributions are not included since they are proportional to the
identity matrix and therefore do not produce flavor modifications.
2Such contributions are e.g. implemented in Ref. [17]. Also, trace terms can be subtracted from the Hamiltonian whereas
this is not possible in presence of helicity coherence [17].
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The nonstandard interaction Hamiltonian is
hNSI =
√
2GF
∑
f
nfϵ
f , (5.5)
where a sum over the electron, down and up quark3 number densities is performed (f = e, d, u). The
ϵmatrices correspond to the nonstandard interactions couplings, constrained by several observations [142,
143, 144, 145]. In the case of three neutrino flavors, these are [143]
| ϵee |< 2.5 | ϵeµ |< 0.21 | ϵeτ |< 1.7
| ϵµµ |< 0.046 | ϵµτ |< 0.21
| ϵττ |< 9.0
 , (5.6)
if matter is composed only of protons and electrons (solarlike). One can see that the bounds on the NSI
parameters are rather loose, with the exception of ϵµµ.
The third contribution in Eq.(5.2) corresponds to the neutrino self-interaction Hamiltonian
hνν =
√
2GF
∑
α
∫
(1− qˆ · pˆ) [dnναρνα(p⃗)− dnν¯α ρ¯ν¯α(p⃗)] , (5.7)
where the quantity dnνα(dnν¯α) denotes the differential number density of neutrinos (antineutrinos), the
underline refers to the neutrinos initially born with α flavor at the neutrinosphere.
5.2.2 Two-neutrino flavor evolution in binary neutron star mergers
We employ the theoretical framework of two-neutrino flavors and stationary evolution4. In the flavor basis
the neutrino density matrix reads
ρ =
 ρee ρex
ρ∗ex ρxx
 , (5.8)
and similarly for ρ¯. The vacuum Hamiltonian Eq. (5.3) involves the PMNS matrix that for three flavors
depends on three measured mixing angles and three unknown CP -violating phases (one Dirac- and two
Majorana-type) [5]. In two flavors, these fundamental parameters reduce to one mixing angle θ (one phase
as well in the case of Majorana neutrinos). Therefore the vacuum contribution becomes
h0 = ω
 −c2θ s2θ
s2θ c2θ
 , (5.9)
3The heavy quark content of the nucleon is neglected.
4From now on, only the radial dependence of all quantities is retained and not explicitly shown to simplify notations.
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Figure 5.1: Schematic view of ourmodel. Neutrinos start free streaming at the neutrinospheres, shown as a solid blue (respectively
dashed and dotted) line for νe (respectively ν¯e and νx). The trajectory of a test neutrino νq is labeled by the coordinates of its emission
point (x0, z0), and the angle θq between the direction of its momentum qˆ and the z axis. The test neutrino propagates in a background of
matter and (anti)neutrinos νp of momentum pˆ.
with ω = ∆m2
4E
, ∆m2 = m22 − m21 withm1,m2 the mass values of the mass eigenstates and E = q the
neutrino energy, s2θ = sin 2θ and c2θ = cos 2θ.
For the standard matter Hamiltonian in Eq.(5.4) we write
VCC = λYe, (5.10)
where λ =
√
2GFnB , with nB the baryon number density and Ye = ρe/(n + p) the electron fraction,
with n and p the neutron and proton number densities, respectively. As in Refs.[85, 86, 17] our investiga-
tion is anchored to the detailed simulations in which the BNS merger remnant is a central object, lasts up
to 200 ms and has about a 30 km radius. We take information on the baryon number densities and elec-
tron fraction from cylindrical averages of detailed three-dimensional Newtonian simulations [126]. In our
two-dimensional model neutrino propagate with an azimuthal symmetry axis from point (x0, z0), at the
neutrinosphere following a straight line trajectory characterized by a radial r and an angular θq variables
(Fig. 5.1). Note that we approximate the neutrinospheres as infinitely thin disks of radii Rν that are flavor
dependent, as done in Refs.[82, 84, 85, 86, 17].
In two flavors, by retaining only the nonstandard contribution Eqs. (5.5-5.6) with loosest constraints, we
get for the ϵmatrix
 | ϵee |< 2.5 | ϵeτ |< 1.7
| ϵττ |< 9.0
 . (5.11)
We rewrite theNSI potential Eq. (5.5) in terms of the fermion fractionYf . In fact, using the charge neutrality
of the medium, we get the relation
Yf ≡ nf
nB
, (5.12)
which for up and down quarks can be rewritten as Yd = 2− Ye and Yu = 1+ Ye. The NSI contribution is
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then
hNSI =
√
2GFnB
[
Yeϵ
e + (1 + Ye)ϵ
u + (2− Ye)ϵd
]
. (5.13)
Finally we follow Ref. [16] and impose the requirement that, at the MSW resonance in the Sun, with an
electron fraction Y⊙ ≈ 0.7, the NSI contribution should vanish as no effect has been observed (see also
[150]), namely
Y⊙δϵe + (1 + Y⊙)δϵu + (2− Y⊙)δϵd = 0, (5.14)
with δϵf = ϵfee− ϵfxx. This equation gives a relation between δϵe as a function of δϵu, δϵd. The off-diagonal
couplings ϵeex, ϵuex, ϵdex are fixed at the same value ϵ0. As a result, the NSI Hamiltonian only depends on two
NSI parameters, the diagonal one δϵn and the off-diagonal ϵ0
hNSI = λ
 (Y⊙−YeY⊙ )δϵn (3 + Ye)ϵ0
(3 + Ye)ϵ
∗
0 0
 , (5.15)
with the constraints |δϵn| ≲ O (10) and |ϵ0| ≲ O (1). For the neutrino self-interaction Hamiltonian
Eq.(5.7) we assume, as done in previous works [82, 84, 85, 86, 17], that
ρν(r, p⃗) = ρν(r, p), (5.16)
namely that the angular dependence of the neutrino density matrix is not retained. As a consequence, the
neutrinos that are coupled by the self-interaction term have the same flavor history as the test neutrino. We
assume in our calculations that neutrinos are emitted as Fermi-Dirac distributions fνα with luminositiesLνα
and average energies 〈Eνα〉 at the neutrinosphere with neutrinosphere radiiRνα (Table 3.1). Concerning the
neutrino luminosities and average energies, these are stable for long times (see Ref. [126]). By using Eqs.(5.7)
and (5.16), the neutrino self-interaction term is given by Eq. (3.21). The unoscillated neutrino potential is
given by Eq. 3.23.
5.3 Impact of nonstandard interactions on neutrino flavor evolution
In order to investigate the role of NSI on the flavor evolution we have performed simulations by varying ϵ0
and δϵn within the range given by relations (5.11). We have explored a large set of trajectories with different
emission points (x0, z0) and angles θq (Fig. 5.1)5. By analyzing the neutrino flavor evolution behaviors along
numerous trajectories we have identified different regimes depending on the NSI parameters. Here we take
some trajectories as typical examples to illustrate the flavormechanisms and their interplay we have observed
5Here also φq is set to zero.
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over the full set. As for the oscillation parameters we fix∆m2 = 2.43× 10−3 eV2 and sin2 2θ = 0.087 [55]
for the normal mass ordering, and∆m2 = −2.38 × 10−3 eV2 and sin2 2θ = 0.092 for the inverted mass
ordering. We discuss the dependence of the results both on the normal and on the inverted mass ordering
since the neutrino mass ordering has not been determined yet.
In this section, we show examples withNSI parameters δϵn ∈ [−0.9,−0.7]. These are the parameters for
which we observed the presence of the I resonance in most of the trajectories explored that were relevant for
nucleosynthesis [93]. Negative values of δϵn with a greater absolute value lead to the disappearance of the I
resonances, as the matter potential VM (5.17) would always be negative on the region of space studied, and
would also make the MNR further away. Negative values of δϵn with a smaller absolute value would still
present I resonances, but in a different region of space, and would also shift the MNRs. It is worth noting
that positive values of δϵn have also been considered as they can shift theMNR closer to the neutrinosphere.
As for the value of ϵ0, we have restricted ourselves to values smaller than 10−3. Indeed, values larger
than that create oscillation patterns analogous to vacuum oscillations but driven by the large matter off-
diagonal element. These oscillations have a very short wavelength —shorter than a kilometer— and can
start as soon as the neutrino propagation begins. Given that, in our calculations, we assume that neutrinos
are free streaming, our results are reliable only if flavor conversions happenwell outside the neutrinospheres,
and therefore using larger values of ϵ0 would give unphysical results. These oscillations appearing because
of a larger ϵ0 also have a large amplitude, making the behavior difficult to analyze. For all these reasons, we
chose to work with a value of ϵ0 well below the current experimental constraints.
5.3.1 New conditions for the I resonance
The presence of NSI produces a newMSW-like resonance, called the I resonance [14]. Refs.[14, 15, 16] have
shown that its occurrence is due to the matter terms only. In the present work we will be discussing two
situations in which the I resonance occurs: i) the self-interaction is subdominant, in accord with [14, 15, 16];
ii) the neutrino self-interaction dominates and leads to a I resonance as a synchronized MSW mechanism.
We explore this scenario using the SU (2) spin formalism.
Wewould like to emphasize that the results presented in this section are independent of the approximation
(3.20) that is employed here. Indeed, the occurrence of the I resonance, synchronized or not, only depends
on thematter profile and on the unoscillated neutrino potentials, which are both independent ofmultiangle
effects. Therefore, the results we present here will remain unaffected in a full multiangle calculation.
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Figure 5.2: Left panel: Difference of the diagonal elements of the total neutrino Hamiltonian (solid line), matter potentialVM (dashed line)
Eq.(5.17) in presence of NSI contributions with δϵn = −0.7 and ϵ0 = 1× 10−4 and self-interaction oscillated potential (dotted line), as
a function of distance from the emission point. The initial parameters arex0 = −30 km, z0 = 20 km, and θq = 55◦. Middle and right
panels: Survival probabilities for neutrinos (middle) and antineutrinos (right). Different energies corresponding to different colors as well
as the averaged probability (dotted line) are indistinguishable. The results are obtained by using baryon densities and electron fraction
from the detailed simulations [126].
I resonance with negligible self-interaction
The I resonance occurs when the difference between the diagonal elements of the total Hamiltonian goes to
zero, requiring for the total matter potential to meet the condition
VM ≡ λ
[
Ye +
Y⊙ − Ye
Y⊙
δϵn
]
≈ 2ωc2θ − (hννee − hννxx) . (5.17)
References [14, 15, 16] have pointed out that the presence of νν self-interactions have negligible effects on the
location and adiabaticity of the I resonance, thus making it occur when the matter potential Eq.(5.17) is very
small.
First, we consider here a case in which the self-interaction potential is subdominant compared to the mat-
ter one. In such cases, the location of the I resonance coincides with the point where the matter potential
Vmat becomes very small, which is possible in the presence ofNSI because of a cancellation between the stan-
dard matter term and the nonstandard contribution. Figure 5.2 (left panel) presents the difference of the
diagonal elements, the total matter potential with δϵn = −0.88 and ϵ0 = 1× 10−4 and the oscillated self-
interaction potential. Condition (5.17) can be satisfied for both neutrinos and antineutrinos simultaneously
and is very little dependent on the neutrino energy. Depending on the value of the diagonal NSI parameter
δϵn, the I resonance can arise extremely close to the neutrinosphere, as already pointed out in the literature.
In this example, it occurs at 1 km from it.
The survival probabilities for neutrinos and antineutrinos as well as the average one are shown in Fig. 5.2
for different neutrino energies (middle and right panels). Given a specific matter profile, the resonance lo-
cation only depends on the value of the diagonal NSI parameter, δϵn, whereas the value of ϵ0 impacts the
adiabaticity. For the case shown, the I resonance is adiabatic and induces significant conversion for both neu-
trinos and antineutrinos. It is worth noting that even in the presence of a small ϵ0 parameter, the flavor con-
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Figure 5.3: Left panel: Matter potentialVM (solid line) Eq.(5.17) in presence of NSI contributions δϵn = −0.88 and ϵ0 = 1× 10−4 and
self-interaction unoscillated potential Eq.(3.23) (dotted line), as a function of distance from the emission point. The initial parameters are
x0 = 15 km, z0 = 32 km, and θq = 15◦. Middle and right panels: Survival probabilities for neutrinos (middle) and antineutrinos (right).
Different energies corresponding to different colors as well as the averaged probability (dotted line) are indistinguishable.
version behaviors stay independent of the energy. This is due to the fact that the off-diagonal self-interaction
contribution to the Hamiltonian is, at the considered location, much larger than the vacuum one, therefore
suppressing the energy dependence.
I resonance as a synchronizedMSW
While exploring the parameter space and different trajectories for the neutrino propagation, we have encoun-
tered situations where, although the self-interaction unoscillated potential is several orders of magnitude
larger than thematter potential, an I resonance takes place and leads to significant flavor conversions. Figure
5.3 shows a typical example of this situation with the NSI parameters δϵn = −0.88 and ϵ0 = 1 × 10−4.
One can see that although the unoscillated self-interaction potential µ (3.23) dominates the matter one λ
(5.10), flavor conversions occur at the same location where the I resonance condition is fulfilled. Note that
the difference between the self-interaction oscillated diagonal elements do cancel at the same point. We will
be unraveling this effect in the light of synchronized flavor conversions.
Spin description In order to describe this phenomenon, we use the SU (2) isospin formalism in flavor
space. The effective isospin vector P⃗να (r, q) denoting a neutrino of initial flavorα is related to the neutrino
density matrix according to
ρνα (r, q) =
1
2
(
I+ σ⃗ · P⃗να (r, q)
)
, (5.18)
and similarly for antineutrinos, where I is the 2× 2 identity matrix and σ⃗ = (σx, σy, σz) is a vector in flavor
space whose components are the Pauli σ matrices. In this theoretical framework, the Liouville-Von Neu-
mann equations are replaced by precession equations for P⃗να (r, q) with an effective magnetic field defined
as
h (r, q) =
1
2
(
I+ σ⃗ · B⃗ (r, q)
)
. (5.19)
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and receiving three contributions
B⃗ (r, q) = B⃗vac (q) + B⃗mat (r) + B⃗νν (r) , (5.20)
Note that the expressions for ⃗¯Pν¯α and ⃗¯B are analogous to Eqs.(5.18) and (5.20) respectively. In the antineu-
trino case, the vacuum contribution in Eq.(5.20) has a minus sign. The vacuum term is given by
B⃗vac = 2ωB⃗0 = 2ω

s2θ
0
−c2θ,
 (5.21)
while the matter term includes the standard and nonstandard contributions
B⃗mat = λ
Ye

0
0
1
+

2 (3 + Ye) Reϵ0
−2 (3 + Ye) Imϵ0
δϵn
(
Y⊙−Ye
Y⊙
)
.

 (5.22)
The third term in Eq.(5.20) comes from the self-interaction term of the neutrino Hamiltonian
B⃗νν =
√
2GF
∑
α=e,x
∫ ∞
0
dp
(
Gναjνα (p) P⃗να (p)−Gν¯αjν¯α (p) ⃗¯Pν¯α (p)
)
, (5.23)
where jνα (p) = Lναfνα (p)pi2R2να 〈Eνα 〉 and similarly for antineutrinos. Note that the explicit r dependences are not
shown for readability.
In order to describe the collective neutrino mode associated to the I resonance, we introduce the J⃗ vector
J⃗ =
∑
α=e,x
∫ ∞
0
dp
(
Gναjνα (p) P⃗να (p)−Gν¯αjν¯α (p) ⃗¯Pν¯α (p)
)
. (5.24)
We emphasize that, in a BNS merger scenario, one needs to include the geometrical factors in the definition
of the collective vector, contrary to what is usually done in the bulb model for supernovae (single-angle
approximation), as e.g. in [151]. The reason is that here the geometrical factors differ for different flavors
even when one employs the ansatz given by Eq.(5.16). With definition (5.24) one can write the neutrino
self-interaction term proportional to a unique vector J⃗ , namely
B⃗self =
√
2GF J⃗ . (5.25)
The evolution equation for J⃗ can be derived from the ones of P⃗να (and ⃗¯Pν¯α) and using the explicit expres-
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sions of B⃗ ( ⃗¯B). One finds
∂rJ⃗ = B⃗mat × J⃗ + B⃗0 ×
∑
α=e,x
∫ ∞
0
dp
∆m2
2p
(
Gναjνα (p) P⃗να (p) + Gν¯αjν¯α (p)
⃗¯Pν¯α (p)
)
+
∑
α=e,x
∫ ∞
0
dp
(
∂rGναjνα (p) P⃗να (p)− ∂rGν¯αjν¯α (p) ⃗¯Pν¯α (p)
)
. (5.26)
Let us assume now that, during the evolution, the modes all start along the z axis, i.e. P⃗να (r, p) ≈
Pνα,z (0, p) Jˆ , and stay aligned with the collective mode J⃗ (similarly for antineutrinos). If neutrinos and
antineutrinos of any momentum stay synchronized in flavor space during the propagation, the evolution
equation for J⃗ becomes
∂rJ⃗ ≈ B⃗mat × J⃗ + B⃗0 × Jˆ
∫ ∞
0
dp
∆m2
2p
[Gνejνe (p) + Gν¯ejν¯e (p)− 2Gνxjνx (p)] + Jˆ
∂rµ√
2GF
, (5.27)
whereµ is the unoscillated neutrino self-interactionpotential (3.23). While the first two terms are ordinary
oscillation terms, the last one is a damping term, taking into account that the norm of this collective mode
decreases with time. This is due to the fact that the geometry of the problem is included in the definition
of J⃗ . Note that such a decrease should not be interpreted as lepton number conservation violation, but as a
neutrino density decrease along a given trajectory, due to the geometry. Let us characterize this decrease by
multiplying the evolution equation (5.27) by J⃗
J⃗ · ∂rJ⃗ = 1
2
∂rJ⃗
2 ≈
∣∣∣J⃗∣∣∣ ∂rµ√
2GF
, (5.28)
which gives
∣∣∣J⃗ (r)∣∣∣ ≈ µ(r)√
2GF
. Plugging this expression into Eq. (5.27), one finds
∂rJ⃗ ≈ B⃗J × J⃗ + Jˆ ∂rµ√
2GF
. (5.29)
The effectivemagnetic field associatedwith the collectivemode J⃗ is B⃗J = ωsyncB⃗0+B⃗matwhich components
are
B⃗J =

2λ (3 + Ye) Reϵ0 + ωsyncs2θ
−2λ (3 + Ye) Imϵ0
−ωsyncc2θ + VM
 . (5.30)
The synchronized frequency ωsync is J⃗ precession frequency
ωsync =
√
2GF
µ
∫ ∞
0
dp
∆m2
2p
[Gνejνe (p) + Gν¯ejν¯e (p)− 2Gνxjνx (p)] . (5.31)
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Figure 5.4: Contributions to the z component of the effectivemagnetic Ćeld B⃗J . The solid line representsωsyncc2θ , while the dashed line
shows thematter potentialVM . It can be seen that whenVM cancels, due to the presence of NSI, the synchronized resonance condition
(5.33) is met. The NSI and trajectory parameters used here are the same as the ones used in Fig. 5.3.
Assuming the fluxes follow Fermi-Dirac distributions, the integral above can be computed, and ωsync can be
expressed as
ωsync =
√
2GF∆m
2F1 (0)F3 (0)
2µF 22 (0)
[
LνeGνe
R2νe 〈Eνe〉2
+
Lν¯eGν¯e
R2ν¯e 〈Eν¯e〉2
− 2 LνxGνx
R2νx 〈Eνx〉2
]
. (5.32)
Resonancecondition In addition to a precessionmotion, the collectivemode J⃗ can alsomeet aMSW-
like resonance conditionBJ,z ≈ 0, which requires
ωsync (rI) c2θ = VM (rI) , (5.33)
where rI is the resonance location. From(5.32), it canbe seen thatωsync ∝ 1µ : in situationswhere theneutrino
background dominates, the lhs of (5.33) is often several orders of magnitude smaller than the rhs. However,
in cases where the total matter potential VM goes to zero, this resonance condition can bemet. The reversed
situation, in which the resonance condition is met because µ goes to zero, has been already pointed out in
[86].
Figure 5.4 shows the rhs and the lhs of (5.33) corresponding to the case of Figure 5.3. One can see that
the synchronizedMSW resonance condition given by Eq.(5.33) is met almost at the location where VM goes
to zero, i.e. at the location of the I resonance, as can be seen from the conversion probabilities. Another
example of synchronized I resonance is shown in Fig. 5.5 with the neutrino self-interaction dominating over
the matter potential. Significant conversion can be seen at 29 km, 40 km, 65 km and 78 km.
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Figure 5.5: Left panel: Difference of the diagonal elements of the total neutrino Hamiltonian (solid line), matter potentialVM (dashed line)
Eq.(5.17) in presence of NSI contributions with δϵn = −0.90 and ϵ0 = 1 × 10−3 and self-interaction oscillated potential (dotted line),
as a function of distance from the emission point. The initial parameters arex0 = −35 km, z0 = 25 km, and θq = 50◦. Middle and
right panels: Survival probabilities for neutrinos (middle) and antineutrinos (right). Different energies corresponding to different colors
as well as the averaged probability (dotted line) are indistinguishable. Several synchronized I resonances are present in this case, at 29 km,
40 km, 65 km and 78 km.
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Figure 5.6: Left panel: Difference of the diagonal elements of the total neutrino Hamiltonian, as a function of distance from the emission
point. The initial parameters arex0 = 15 km, z0 = 32 km and θq = 15◦. Middle and right panels: Averaged survival probabilities
for neutrinos (middle) and antineutrinos (right). The NSI parameters are set to δϵn = −0.88 and ϵ0 = 1 × 10−4 (solid lines) and
ϵ0 = 1× 10−5 (dotted lines).
Adiabaticity and influence of ϵ0 In order to characterize further flavor conversion at the I reso-
nance, we can define an adiabaticity parameter as
γ =
|B⃗J |3
|dB⃗J
dt
×B⃗J |
∣∣∣∣∣
r=rI
. (5.34)
From (5.33), it can be seen that the value of ϵ0 has no influence on the resonance locationwhereas it influences
the adiabaticity of the transformation.
Figure 5.6 shows an example of the influence of ϵ0 on the adiabaticity. Going from ϵ0 = 10−4 to 10−5,
the oscillation probabilities for neutrinos and antineutrinos go from complete flavor conversion from νe to
νx to no conversion. The adiabaticity parameter Eq.(5.34) corresponding to this case is presented in Fig. 5.7.
It can be seen that, at the location of the resonance, the adiabaticity parameter in the case of ϵ0 = 1× 10−5
is two orders of magnitude smaller than the one for ϵ0 = 1× 10−4, consistent with the behaviors observed
for the survival probabilities. Note that the cancellation of the adiabaticity parameter around the resonance
in the case of ϵ0 = 1 × 10−5 comes from the fact that for this value of ϵ0, the matter contribution and the
ωsync contribution inBJ,x (5.30) are of the same order ofmagnitude and of opposite signs, makingBJ,x very
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Figure 5.7: Adiabaticity parameter as the right-hand side of Eq.(5.34), corresponding to Fig. 5.6. The solid line corresponds to ϵ0 =
1× 10−4, while the dashed line corresponds to ϵ0 = 1× 10−5. The location of the I resonance is shown as a vertical dotted line.
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Figure 5.8: Left panel: Difference of the diagonal elements of the total neutrino Hamiltonian, as a function of distance from the emission
point, for normal (solid lines) and inverted (dotted lines) mass ordering. The initial parameters arex0 = −10 km, z0 = 30 km and
θq = 25
◦. Middle and right panels: Averaged survival probabilities for neutrinos (middle) and antineutrinos (right). The NSI parameters
are set to δϵn = −0.90 and ϵ0 = 1× 10−4.
small. Therefore, at the resonance, asBJ,z tends to 0 , γ → B
2
J,x
∂rBJ,z
becomes much smaller at the same time.
Effect of the neutrino mass ordering The sign of ωsync changes when going from normal to in-
verted mass ordering. However, due to the fact that the resonance location almost coincides with the loca-
tion at which VM changes its sign, the mass ordering will have little impact on it. In our calculations, we
have found modifications of the resonance location smaller than 1 km between normal and inverted mass
ordering. As for the adiabaticity parameter (5.34), it also depends onωsync and its derivative. Figure 5.8 shows
the effect of neutrino mass ordering on the adiabaticity of flavor evolution for a case with δϵn = −0.90 and
ϵ0 = 1× 10−4 where the I resonance is located very close the neutrinosphere, at 5 km.
5.3.2 NSI, theMNR and the I resonance
The occurrence of the MNR in BNS might impact r process nucleosynthesis in neutrino-driven winds. As
discussed previously, the MNR phenomenon is due to a cancellation between the standard matter term
Eq.(5.10) and the neutrino self-interaction Eq.(3.21). This occurs because of the excess of the antineutrino
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Name Condition
MNR (neutrino sector) hee − hxx ≃ 0
MNR (antineutrino sector) h¯ee − h¯xx ≃ 0
I resonance
(negligible self-interaction) VM ≃ 2ωc2θ
Synchronized I resonance VM ≃ ωsyncc2θ
Table 5.1: Relevant resonance conditions to the study of the role of nonstandard interactions on neutrino propagation in BNSmerger
remnants and core-collapse supernovae.
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Figure 5.9: Left panel: Difference of the diagonal elements of the total neutrino Hamiltonian, as a function of distance from the emission
point, without NSI (dotted line) andwith NSI parameters δϵn = −0.70 and ϵ0 = 1 × 10−4 (dotted line). The initial parameters
arex0 = 12 km, z0 = 27 km and θq = 40◦. Middle and right panels: Averaged survival probabilities for neutrinos (middle) and
antineutrinos (right).
over the neutrino near the disk in the BNS context, compared to the supernova case, that gives a negative
sign to the neutrino self-interaction potential µ (3.23). However, Ref. [16] has shown the presence of NSI
can trigger the MNR also in the supernova context. In our numerical investigations, we have observed var-
ious NSI effects on the flavor behaviors in presence of MNR. Table 5.1 summarizes the different resonance
conditions encountered in our numerical simulations. First, the existence of NSI canmodify the location of
theMNR. Figure 5.9 shows that the cancellation between thematter and the neutrino self-interaction terms
shifts from 10 km to 30 km when NSI are included. Moreover, neutrino evolution turns from completely
nonadiabatic to adiabatic, as the survival probabilities show. By looking at the difference of the neutrino
Hamiltonian diagonal elements, one can see that they keep being very small from 30 km to 80 km due to the
non-linear feedback that matches the nonlinear neutrino self-interaction contribution to the matter poten-
tial as we have been discussing in Chapter 4 [17].
While exploring numerous trajectories and sets of NSI parameters, we have observed an intriguing inter-
play between the I resonance, synchronized or not, and the MNR. Figures 5.10, 5.11 and 5.12 furnish three
examples of such behaviours. Figure 5.10 shows a combination of I resonance and MNR. There are two I
resonances, the first at 5 km, which is partially adiabatic, and the second at 21 km, which triggers aMNRbe-
tween 20 km and 100 km, followed by a second one between 160 km and 240 kmwhere the ν¯e are converted
while νe are not 6. Note that this is in opposition to what the MNR typically creates in the absence of NSI:
6Note that this corresponds to the same parameters as the ones of Fig. 5.8 with a larger range shown.
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Figure 5.10: Left panel: Difference of the diagonal elements of the total neutrino Hamiltonian (solid line), matter potentialVM (dashed
line) Eq.(5.17) in presence of NSI contributions with δϵn = −0.90 and ϵ0 = 1 × 10−4 and self-interaction oscillated potential (dotted
line), as a function of distance from the emission point. The initial parameters arex0 = −10 km, z0 = 30 km and θq = 25◦. Middle and
right panels: Survival probabilities for neutrinos (middle) and antineutrinos (right). Different energies correspond to different colors, and
the averaged probabilities (dotted line) are shows. The slight dependence on the energy is due to the fact that as theMNR occurs further
away from the emission point, the difference between the diagonal elements becomes comparable to the vacuum term, which then plays a
role.
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Figure 5.11: Left panel: Difference of the diagonal elements of the total neutrino Hamiltonian (solid line), matter potentialVM (dashed
line) Eq.(5.17) in presence of NSI contributions with δϵn = −0.70 and ϵ0 = 1 × 10−5 and self-interaction oscillated potential (dotted
line), as a function of distance from the emission point. The initial parameters arex0 = −30 km, z0 = 20 km and θq = 55◦. Middle and
right panels: Survival probabilities for neutrinos (middle) and antineutrinos (right). Different energies corresponding to different colors as
well as the averaged probability (dotted line) are indistinguishable.
indeed, without NSI, theMNR tends to lead to flavor conversions for neutrinos while for antineutrinos the
evolution is generally non- or partially adiabatic. In Figure 5.11, an I resonance is located at 2 km, followed
by a nonadiabaticMNR at 12 km. Then, between 60 km and 70 kmMNR conversions take place. Between
100 km and 125 km the difference of the diagonal elements stays very small, creating small conversions. Fi-
nally, at 144 km, an I resonance occurs. The third example of a combination of MNR and I resonances is
given in Fig. 5.12. This case in point is interesting as it shows four I resonances: the first, located around 2
km, being a standard one, completely adiabatic, and the other three being synchronized resonances. At 12
km, the second resonance is also very adiabatic, then the third, at 26 km creates only partial conversions. A
fourth resonance occurs at 58 km and produces a short MNR-like cancellation between 60 km and 66 km,
followed by a MNR between 96 km and 126 km. Notice, again, the peculiar behavior of this MNR, which
creates conversions for antineutrinos while the evolution for neutrino is nonadiabatic.
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Figure 5.12: Left panel: Difference of the diagonal elements of the total neutrino Hamiltonian (solid line), matter potentialVM (dashed
line) Eq.(5.17) in presence of NSI contributions with δϵn = −0.90 and ϵ0 = 1 × 10−4 and self-interaction oscillated potential (dotted
line), as a function of distance from the emission point. The initial parameters arex0 = −30 km, z0 = 20 km and θq = 55◦. Middle and
right panels: Survival probabilities for neutrinos (middle) and antineutrinos (right). Different energies correspond to different colors, and
the averaged probabilities (dotted line) are shown. The slight dependence on the energy is due to the fact that as theMNR occurs further
away from the emission point, the difference between the diagonal elements becomes comparable to the vacuum term, which then plays a
role.
5.4 Discussion and conclusions
In order to assess the role of flavor evolution on nucleosynthesis in neutrino-driven winds a self-consistent
calculation of the electron fraction modification coupled with the flavor evolution should be performed, as
e.g. the one performed in Ref. [152] in core-collapse supernovae. First steps in this direction are presented
in Refs.[82, 84]7. However, the trajectory dependence on the abundances and investigations without the
ansatz (3.20) need to be performed. Such studies go beyond the scope of the present work. Figure 5.13 shows
the I resonance location according to Eq.(5.17) in the dimensional space. One can see that such a resonance
can occur close to the neutrinosphere and for a large set of NSI parameters. Obviously, for the cases where
only the matter term matters, the resonance location would keep unchanged if the ansatz (3.20) is relaxed.
Using the at-equilibrium Ye as a reference, one would expect that the Ye value should be increased by the
presence of I resonances since the νe and ν¯e conversion to νx and ν¯x, respectively, brings the former to have
the average energies of the latter. However, the at-equilibrium Ye is certainly not a good reference for the
conditions encountered very close to the neutrinosphere. Only a consistent calculation of Ye modification
including the feedback on the probabilities and the full angular dependence of the neutrino emission would
tell us howmuch flavor evolution impacts the electron fraction.
In our investigation of nonstandard matter-neutrino interactions within 2ν flavor framework. In partic-
ular, we have included the electron-tau couplings for which current bounds from scattering and oscillation
experiments are still rather loose. By solving themean-field Liouville-VonNeumann equations along a large
ensemble of trajectories, we have uncovered aspects of NSI impact on flavor evolution and, in particular, on
the I resonance and theMNR. First, we have shown the conditions for the I resonance aremet in this kind of
setting, based on detailed BNS simulations, when thematter term dominates over the self-interaction contri-
7Note that in these calculations are not fully consistent since the feedback effect of the modified electron fraction on the
probabilities is not included
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Figure 5.13: Locations where the I resonance condition Eq. (5.17) is fulĆlled, depending on the NSI parameters δϵn. The curves from
outside (orange) to inside (brown) correspond to values from δϵn = −0.2 to−0.9 in steps of−0.1. TheYe distribution is taken from
the BNS simulations of Ref. [126].
bution to the neutrinoHamiltonian. Then, we have uncovered the role of the neutrino self-interaction term
and shown that the I resonance can be a synchronizedMSWeffect if the self-interaction potential dominates
over thematter one. The synchronized precession frequency, depending on by the self-interaction potential,
matches the resonance condition when the total matter term becomes very small. This mechanism has been
dismissed in previous investigations. Note that in Ref. [86] a synchronized MSW effect is observed when,
on the contrary, the self-interactions become very small. Second, for the MNR we have shown that NSI lit-
tle modify the resonance location while the adiabaticity can be significantly changed. Third, we have shown
complex situations where MNR, I and synchronized I combine, producing intriguing flavor patterns.
To answer the longstanding puzzle of the origin of r process nuclei, one needs to assess the BNS rate as
well as the amount of elements from each individual event. In this respect, it is necessary to determine if and
under which conditions flavor evolution takes place as well as its influence on nucleosynthetic abundances.
The work presented here provides insight to progress in this direction, in particular if new physics such as
nonstandard interactions are discovered in the future.
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6.1 Introduction
When studying neutrino propagation in astrophysical environments such as core-collapse supernovae or
binary neutron star mergers, most studies do not include general relativity effects. The strong gravitational
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fields around these objects can affect neutrino oscillations through different effects: time dilation, energy
redshift, or yet trajectory bending. So far, these effects have been studied in the case of vacuum oscillations
(see e.g. [153, 154]), or including effects on the localization and adiabaticity of theMSW resonance in the case
of propagation inmatter (see e.g. [155]). The authors of Ref. [156] have included general relativity effects on
supernova neutrino flavor transformations and showed that the self-interaction potential can be increased
up to three times in this context. They showed that the presence of gravitational fields delays the appearance
of bipolar oscillations in the cooling phase of a supernova. Gravitational effects on neutrino emissions from
black hole accretion disks were considered inRef. [129] and shown to have significant effects on the neutrino
fluxes.
Neutrinooscillations in vacuumappear tobe awell-knownquantummechanic interferencephenomenon.
However, a closer look shows that the standard derivation is full of paradoxical issues. In particular, the tra-
ditional derivation usually makes the assumption that neutrinos have the same momentum, which comes
down to describing neutrinos as plane waves. Yet, plane waves are not localized in space which contradicts
the idea of localized production and detection processes. In order to solve these paradoxes, quantum me-
chanic and experimental uncertainties associated with the production and detection processes have to be
considered, hence neutrinos have to be described as wave packets (WPs). Ref. [157] proposed the first WP
description for neutrinos, and introduced the notion of decoherence byWPs separation. The first complete
analytical derivation of the oscillation probabilities using Gaussian WPs was performed in Ref. [158]. The
authors of this work showed explicitly how neutrino oscillations are destroyed when coherence conditions
are violated.
The question remains of how coherence is modified in the most general case including neutrino-matter
and neutrino-neutrino interactions. Ref. [159] studied coherence in case of adiabatic transformations in
a matter background, as well as in the case of propagation in a multi-layer medium with density jumps at
the borders of the layers. Ref. [160] considered decoherence effects within the density matrix formalism
and showed that it appears as a damping term in the equations of motion. They also considered neutrino
oscillations in a background including matter and neutrino interactions, in the adiabatic regime, and in two
specific models of adiabaticity violation. However, none of these studies include general relativity effects.
Formal equations for neutrino propagation in curved space-time have been discussed before. Ref. [28]
first derived the quantummechanical phase associated with the propagation of a particle in a given external
gravitational field. The authors of Ref. [155] found, in agreement with the previous literature, that the
contributions from gravitational fields were diagonal in the flavor basis.
So far, studies in curved space-time have been limited to the effects of gravity on the oscillation phases. In
this chapter, we study for the first time decoherence byWP separation in curved space-time. This requires to
extend aWP treatment to the case of neutrinos propagating in an external gravitational field. This question
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is of particular interest as gravitational fields around compact objects (black holes or binary neutron stars) or
supernovae could be large enough to have an impact on neutrino flavor conversions.
The goal of this chapter is to explore decoherence in curved space-time, using a density matrix formalism.
In Section 6.2, we discuss the wave packet description and evaluate the size of the neutrino wave packets in
astrophysical environments such as supernovae and binary neutron star merger remnants. We estimate the
expected neutrino coherence length using heuristic arguments in flat space-time, and discuss the modifica-
tions in curved space-time. Then, in Section 6.3we use the densitymatrix formalism to describe decoherence
as a damping term in flat space-time. We then adapt this procedure in Section 6.4 to the case of decoherence
in curved space-time, and in particular in the Schwarzschild metric. We discuss the modifications arising in
the presence of gravitational fields and conclude in Section 6.5.
6.2 Neutrinowave packets
6.2.1 Describing neutrinos as wave packets
In most studies describing neutrino oscillations, neutrinos are considered as particles described by plane
waves, with definite energy and momentum. However, as the processes of neutrino production and detec-
tion are localized, a plane wave description is not appropriate. Instead, real localized particles are described
byWPs.
As the production and detection processes occupy a finite region in space-time, twomassive neutrinos of
different masses produced in the same region are not necessarily detected coherently. Figure 6.1 illustrates
this phenomenon, showing the propagation of two neutrino wave packets: one massless, and the other
ultrarelativistic.
Neutrinos are produced as flavor eigenstates and are therefore composed of a superposition of massive
neutrino WPs propagating with different group velocities (see Fig. 6.1). The size of a massive neutrino WP
σx can be estimated as the coherence time of the production process P through which it is produced. In this
simplified illustration, the separation of the wave packets in the detection process is∆x = ∆vT , where∆v
is the difference between the two massive neutrinos group velocities, and T is the time between the produc-
tion and detection processes. If the production-to-detection distance is large, this separation may be larger
than the size of theWPs itself, so that the neutrinoWPs would cease to overlap. Because of this, the notion
of coherence length is introduced as the distance beyond which the interference of the massive neutrino is
suppressed because of the separation of their wave packets: they can no longer be detected coherently. 1
Therefore, a wave-packet approach of the massive neutrinos is needed to understand decoherence in neu-
1Note that, if the individual detection processes have large enough space uncertainties (ie small enough energy resolutions),
separated neutrino WPs can still be detected coherently. However, we will not discuss this possibility as it is not relevant when
talking about the detection of Supernova neutrinos on Earth.
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P
D
m2 > 0 m1 = 0
Figure 6.1: Space-time diagram representing schematically the propagation of two neutrinoWPs of massm1 andm2, ν1 beingmassless,
and ν2 being ultrarelativistic, from one production process (P) to one detection process (D). Figure adapted from [19].
trino oscillations.
In the next section, we estimate the coherent time of neutrino production processes in typical dense envi-
ronments such as supernovae or binary neutron star merger remnants. This gives us an estimate of the size
of neutrinoWPs in those sites. Wewill then use heuristic arguments to get a rough estimate of the coherence
length in flat and curved space-time.
6.2.2 Neutrinowave packets in astrophysical environments
We follow the reasoning of Ref. [160] to estimate the size of neutrino WPs in astrophysical environments
such as supernovae or binary neutron star merger remnants. As the energy uncertainty is smaller than the
momentum uncertainty, the spatial length of the neutrinoWPs is determined mostly by the temporal local-
ization of the production process [161, 162], which is given by the overlap time σt of all the particles involved
in the process. We note 1 the particle in this process with the shortest WP, 2 the particle with the next-to-
shortest WP, and v⃗i, σxi (i = 1, 2) the respective velocities of the particles and spatial lengths of their WPs.
Assuming that all the particles involved in the process have velocities of the same order of magnitude, the
overlap time can be estimated as [161]
σt ∼ σx2|v⃗1 − v⃗2| . (6.1)
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This formula can be easily interpreted: as a process requires all the involved WPs to overlap, it is over as
soon as at least one ceases to overlap, that is, when the shortest WP ”slides over” the next-to-shortest WP.
Note that, in the case of neutrino production processes involving relativistic electrons and non-relativistic
nucleons, which are themain production processes in supernovae and binary neutron star merger remnants,
the assumption made above on the velocities of the particles is not true. However, as we will see below, the
estimate (6.1) remains correct.
We considernow theproductionofneutrinos throughprocesses involvingnucleons, such asbeta-processes.
In that case, the particles with shortest and next-to-shortest WPs are the nucleons, of lengths σx1 ∼ σx2 ∼
r0, where r0 is the average distance between the nucleons in the medium which can be estimated using
nb =
ρb
mn
∼
(
4
3
pir30
)−1
, (6.2)
wherenb is the baryon number density, ρb the baryonmatter density andmn the nucleonmass. The relative
velocities of the nucleons can be estimated as their mean thermal velocities, v¯ which satisfies the relation
1
2
mnv¯
2 =
3
2
T, (6.3)
where T is the temperature at the neutrino production point. Using (6.2) and (6.3), we get for r0
r0 ≈ 7.36× 10−13 ×
(
ρb
1012 g.cm−3
)− 1
3
cm, (6.4)
and for v¯
v¯ ≈ 0.179
(
T
10MeV
) 1
2
. (6.5)
We estimate the length of the neutrino WP σx as σx ∼ vgσt, where vg ≲ 1 is the mean group velocity of
the neutrino propagation eigenstates, and σt is given by (6.1), and we get
σx ≲ 4.1× 10−12
(
ρb
1012 g.cm−3
)− 1
3
(
T
10MeV
) 1
2
cm. (6.6)
Note that this length depends weakly on the matter density. For typical values at the neutrino production
of T ≈ 10MeV and ρb ≈ 1012 g.cm−3, this gives
σx ≲ 4.1× 10−12 cm. (6.7)
This estimate is based on the formula (6.1) which was obtained under the assumptions that the velocities
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of the different particles involved in the process are of the same order of magnitude. However, this is not
true in the case of beta-processes, as relativistic electrons are involved. With the velocity of the electron being
much larger than the velocities of the nucleons, one could assume that the overlap time between the electron
and the nucleon WPs would be shorter than the overlap time between the two nucleons WPs, and would,
therefore, determine the spatial length of the neutrinoWP. This approach was indeed used in [163]. Wewill
test this assumption by evaluating the electron-nucleon overlap time and comparing it with the nucleon-
nucleon overlap time given by (6.1).
We start by estimating the spatial length of the electronWP as [159]
σxe ∼
(
4piα2ne
)− 1
3 , (6.8)
where α is the fine structure constant and ne = Yenb is the electron number density, Ye being the electron
fraction and nb the baryon number density (6.2). Using typical values of Ye ≈ 12 and ρb ≈ 1012 g.cm−3, we
get σxe ≈ 10−11 cm, which is much larger than the size of the nucleons WPs. We then calculate the ratio of
the electron-nucleon overlap time over nucleon-nucleon overlap time, and obtain
σxe
r0
|v⃗1−v⃗2|
≈ 4.2
(
1
2Ye
) 1
3
(
T
10MeV
) 1
2
. (6.9)
This estimate shows that for typical values of Ye and T given before, the electron-nucleon overlap time is
about four times larger than the nucleon-nucleon one. As a consequence, it will have a small effect on the
size of the neutrino wave packets, and the estimate (6.6) is valid. Note that the size of the neutrino WPs is
not increased by their propagation from their production site to the neutrinosphere, from which they start
free-streaming.
Having estimated the size of neutrino WPs, we now use first principles to define and then evaluate the
coherence length.
6.2.3 Coherence length: a heuristic approach
We consider here a flavor neutrino being produced at a given point of space-time as a combination of two
propagation eigenstate WPs νi (i = 1, 2), of different group velocities. Because of the two propagation
eigenstates propagate with different group velocities, they will progressively separate. We define Lcoh the
distance after which the separation between the twoWPs is larger than the length of one individual WP, σx.
In this section, we give a first approach to determine the coherence lengthLcoh using heuristic arguments
in flat space-time and discuss the modifications arising when working in curved space-time.
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Coherence length in flat space-time
In flat space-time, the coherence length can be simply estimated as
Lcoh ∼ σxvg
∆vg
, (6.10)
where vg is the average group velocity and∆vg is the difference between the group velocities of the twoWPs.
For the propagation eigenstates, the group velocities are well defined as [160]
vgi =
∂
∂p
Ei, (6.11)
where Ei is the energy of the corresponding eigenvalues of the effective neutrino Hamiltonian. In the case
of vacuum propagation, we find that
vgi = 1− m
2
i
2E2
, (6.12)
whereE is the average energy of the twoWPs, and hence equation (6.10) becomes
Lcoh =
2E2
|∆m2|σx, (6.13)
with∆m2 = m22 −m21. For the neutrinoWPs to be detected coherently, the physical distance l they travel
should satisfy
l ≲ Lcoh ⇔ l ≲ 2E
2
|∆m2|σx. (6.14)
This defines the coherence condition: the separation between the two massive WPs has to be smaller than
the size of the WPs. If the physical distance traveled l is much larger than the coherence length, then the
interference between the twomassive neutrinos is suppressed, andoscillations are absent. This phenomenon
is illustrated in Fig. 6.2. In section 6.3, we use formal arguments to calculate the coherence length, and find
the same dependence on the parametersE and∆m2.
In the next paragraph, we study the differences arising when neutrinos propagate in curved space-time
rather than flat space-time.
Coherence length in curved space-time
The same reasoning as above can be made in general relativity to determine the coherence condition. This
in performed inRef. [155], although no justification of the relation is given. The width of the neutrinowave
packets∆d has to be larger than the separation between the twomassiveWPs, which gives, at constant time
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l = 0 l ∼ Lcoh l≫ Lcoh
σx
v⃗2
v⃗1
Figure 6.2: Illustration of the separation of twoWPs ν1 and ν2, of different group velocities v⃗1 and v⃗2, and of sizeσx, as a function of
the physical distance traveled l. TheWPs are produced together at l = 0, then slowly separate. We deĆne the coherence lengthLcoh
as the distance after which the separation between the twoWPs is larger thanσx. When the distance traveled l is much larger than the
coherence length, theWPs do not overlap anymore and are not detected coherently. Figure adapted from [19].
∆d ≳
∣∣∣∣∫ (gijP i2P j2 ) 12 dλ− ∫ (gijP i1P j1 ) 12 dλ∣∣∣∣ , (6.15)
where λ is an affine parameter along the neutrino world line, gµν is themetric tensor, andPi (i = 1, 2) is the
four-momentum operator that generates spacetime translations of the propagation eigenstate νi, and which
satisfies P µi Piµ = −m2i . Note again that no justification of this formula has been given in Ref. [155], and
the dimensions of the left and right hand side of the equation seem not to be compatible.
We assume that neutrinos follow null geodesics of tangent vector pµnull such as p
µ
nullpnullµ = 0, and assume
P 0i = p
0
null and P
j
i = p
j
null (1− ϵi), with ϵ ≪ 1 due to the neutrino small masses. It follows from the
neutrino mass-shell relation that
ϵi =
m2i
2gjkp
j
nullp
k
null
. (6.16)
Using this relation alongwith (6.15), anddefiningdl2 = gjkpjnullpknull = −g00 (p0null)2 thedifferential physical
distance at constant time, we get the condition
∆d ≳ |∆m
2|
2
∫
dl
−g00 (p0null)2
. (6.17)
This relation generalizes (6.14) in curved space-time. It depends on the metric describing the environment
in which neutrino propagates, on∆m2 and on p0null which is linked to the neutrino energy.
We have derived the evolution equation for the neutrino density matrices in Chapter 2. We wish to gener-
alize such equations for the neutrino WPs in curved space-time. To this aim, we first introduce the density
matrix formalism to derive mathematically the expression of the coherence length in flat space-time. In sec-
tion 6.4, we use the same formalism to make the first steps in the determination of the coherence length in
curved space-time.
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6.3 Evolution equation for the neutrinoWP in flat space-time
In this section, we study decoherence in flat space-time through the density matrix formalism, following
the procedure described in Ref. [160]. Note that different approaches can be used, in particular, Ref. [19]
studies decoherence through the evolution of the neutrino state vector only. These methods both give the
same results.
We start by studying the evolution of the neutrino state vector and derive from it the evolution of the
density matrix. We then focus on the case of neutrino oscillations in vacuum. Wewill use the density matrix
formalism in our derivations of the results in curved space-time.
6.3.1 Evolution of the neutrino state vector
In this section, we consider the evolution of a neutrino state vector in an homogeneous system of ultra-
relativistic neutrinos, propagating in a background of ordinary matter composed of electrons, protons, neu-
trons and neutrinos. The neutrino state vector in coordinate space |ν (t, x⃗)〉 can be Fourier-expanded as
|ν (t, x⃗)〉 =
∫
d3p⃗
(2pi)3
eip⃗·x⃗ |ν (t, p⃗)〉 , (6.18)
where |ν (t, p⃗)〉 represents the neutrino state vector of a neutrino of a given momentum p⃗. We assume that
|ν (t, p⃗)〉 is solution of the Schrödinger-like evolution equation
i
d
dt
|ν (t, p⃗)〉 = H (t, p⃗) |ν (t, p⃗)〉 , (6.19)
whereH (t, p⃗) ≡ Γνν (t, p⃗) (2.103) has been derived in Section 2.2.3. It is given by
H (t, p⃗) = Uh0 (p⃗)U † + hmat (t)− pˆ · V⃗ mat (t) + hself (t)− pˆ · V⃗ self (t) , (6.20)
where the different components h0, hmat, V⃗ mat, hself, and V⃗ self are explicitly given in Section 2.2.3. Note
that this expression assumes that neutrinos are particles of definite momenta, which corresponds to plane
waves. For WPs, it is still valid as long as the momentum spread σp of a WP is large enough compared to
the inverse of the distance over which thematterhmat, V⃗ mat (2.116, 2.117) and self-interactionhself, V⃗ self (2.122,
2.123) contributions vary significantly, while being still small enough compared to the momentum p.
In order to study WP separation, it is convenient to introduce the propagation basis, first mentioned in
Section 2.3, in which the Hamiltonian (6.20) is diagonal. The HamiltonianH (t, p⃗) can be instantaneously
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diagonalized at any time t by the unitary transformation
U˜ † (t, p⃗)H (t, p⃗) U˜ (t, p⃗) = K˜ (t, p⃗) , (6.21)
where K˜ (t, p⃗) = diag
(
k˜i (t, p⃗)
)
is a diagonal matrix of eigenvalues k˜i (i = 1, ...nf ), and U˜ (t, p⃗) is the
instantaneous mixing matrix. At any time t, the flavor neutrino state vector |να (p⃗)〉 can be represented as a
linear combination of the propagation eigenstates |ν˜j (t, p⃗)〉
|να (p⃗)〉 =
∑
j
U˜∗αj (t, p⃗) |ν˜j (t, p⃗)〉 . (6.22)
If the evolution is adiabatic, there are no transitions between the propagation eigenstates |ν˜j (t, p⃗)〉 and
studying coherence can be done by studying the separation of the different propagation eigenstates WPs.
In the rest of this chapter, we consider the propagation of a neutrinoWP, produced as a state of flavor α
at the position x⃗0 = 0⃗ and at time t0 = 0, which can be written according to equation (6.22) as
|ν (0, p⃗)〉 = |να (p⃗)〉 =
∑
j
U˜∗αj (0, p⃗) |ν˜j (0, p⃗)〉 . (6.23)
We assume that the propagation eigenstates initially describing our flavor state are described by WPs of
momentum-space wave functions fp⃗j (p⃗), where p⃗j is the centroid of the momentum distribution, such
that
|ν˜j (0, p⃗)〉 = fp⃗j (p⃗) |ν˜(0)j (0, p⃗)〉 . (6.24)
Here, |ν˜(0)j (0, p⃗)〉 denotes the state vectors of the propagation eigenstates satisfying
〈ν˜(0)j (0, p⃗)| |ν˜(0)k (0, p⃗ ′)〉 = (2pi)3 δ3 (p⃗− p⃗ ′) δjk, (6.25)
and we normalize the amplitudes fp⃗j (p⃗) so that∫
d3p⃗
(2pi)3
∣∣fp⃗j (p⃗)∣∣2 = 1. (6.26)
In the rest of this chapter, we describe neutrinos by GaussianWPs of width σp, such that
fp⃗j (p⃗) =
(
2pi
σ2p
) 3
4
exp
[
−(p⃗− p⃗j)
2
4σ2p
]
. (6.27)
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We introduce the (one-particle) density matrix in the propagation eigenstate basis as
ρ (t, x⃗) = |ν˜ (t, x⃗)〉〈ν˜ (t, x⃗)| . (6.28)
The formalism derived here will now be used to describe decoherence in vacuum. Note that the same pro-
cedure can easily be adapted in the case of the adiabatic evolution of neutrinos in a matter background (see
Ref. [160]).
6.3.2 Vacuum oscillations in flat space-time
In this section, we consider again the propagation in vacuum of a neutrinoWP, produced as a flavor state να
at the position x⃗0 = 0⃗ and at time t0 = 0. Since there is no matter background, the propagation and mass
bases coincide. We start by describing the neutrino state vector and then use the density matrix formalism
to study decoherence.
At (t, x⃗), the neutrino state is described by
|ν (t, x⃗)〉 =
∑
j
U∗αjψj (t, x⃗) |νj〉 . (6.29)
In the equation above, ψj (t, x⃗) is the coordinate-space wave function of the jth neutrino mass eigenstate,
ψj (t, x⃗) =
∫
d3p⃗
(2pi)3
eip⃗·x⃗ψj (t, p⃗) , (6.30)
where ψj (t, p⃗) is the time-dependent wave function for a neutrino of given momentum p⃗. It is solution of
the Schrödinger-like equation (6.19) in vacuum
i
d
dt
ψj (t, p⃗) = Ej (p⃗)ψj (t, p⃗) , (6.31)
whereEj (p⃗) is the energy of the jthneutrinoWP, ofmomentum p⃗. Solving this equation is straightforward,
and leads to
ψj (t, p⃗) = ψj (0, p⃗) e
−iEj(p⃗)t = fp⃗j (p⃗) e
−iEj(p⃗)t, (6.32)
where the second equality derives from (6.24). We now use the density matrix formalism to study decoher-
ence. Using the definition (6.28), we introduce the one-neutrino density matrix in the mass basis whose
elements are
ρjk (t, x⃗) = U
∗
αjUαkψj (t, x⃗)ψ
∗
k (t, x⃗) . (6.33)
Assuming that the mass eigenstates are described in momentum space by GaussianWPs of width σp (6.27),
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and using equations (6.30) and (6.32), we get for this matrix element
ρjk (t, x⃗) = U
∗
αjUαk
(
2pi
σ2p
) 3
2
∫ ∫
d3p⃗
(2pi)3
d3q⃗
(2pi)3
exp
[
i (p⃗− q⃗) x⃗− i (Ej (p⃗)− Ek (q⃗)) t− (p⃗− p⃗j)
2
4σ2p
− (q⃗ − p⃗k)
2
4σ2p
]
. (6.34)
In order to calculate the integrals in (6.34), we expand the neutrino energies about the peak momenta p⃗j ,
and retain only the first two terms of the expansion
Ej (p⃗) = Ej + (p⃗− p⃗j) v⃗j +O
[
(p⃗− p⃗j)2
]
. (6.35)
We introduced here Ej ≡ Ej (p⃗j), and v⃗j = ∂Ej∂p⃗ |p⃗=p⃗j the group velocity of the jth WP. Note that ne-
glecting the high order terms in the expansion of Ej (p⃗) amounts to neglecting the spread of the neutrino
WP. Indeed, it has been shown in Ref. [163] that this spread has no effect on the coherence of supernova
neutrinos, as the coherence is determined by the original size of the WP without spread.
ExpandingEj andEk according to (6.35), we find that the integrals in (6.34) can be integrated asGaussian
integrals, and ρ (t, x⃗) takes the form
ρjk (t, x⃗) = U
∗
αjUαk
1
(2piσ2x)
3
2
exp
[
−i (Ej − Ek) t+ i (p⃗j − p⃗k) x⃗− (x⃗− v⃗jt)
2
4σ2x
− (x⃗− v⃗kt)
2
4σ2x
]
, (6.36)
where we introduced σx = 12σp the size of the neutrinoWPs in coordinate space.
In the situations we are interested in, we observe decoherence as a function of the known distance x⃗ trav-
eled by a neutrino. Therefore, the matrix element (6.36) must be integrated over the unknown time t. 2
Since the WP amplitudes decrease very quickly as t grows different from the stationary point of the ex-
ponent tstat = v⃗j+v⃗kv2j+v2k · x⃗, the integral can be extended over the coordinate to infinity, and we consider the
quantity
ρjk (x⃗) ≡
∫
dtρjk (t, x⃗) . (6.37)
2Note that the opposite approach can also be used: we could have considered that we observe neutrino oscillations at a known
time, and integrate over the unknown region of space [160]. This leads to the same decoherence term.
130
Performing the Gaussian integration in (6.36), we get
ρjk (x⃗) = U
∗
αjUαk
1
2piσ2x
√
2
v2j + v
2
k
exp
[
−(∆Ejk)
2 σ2x
v2j + v
2
k
]
exp
[
i
{
(p⃗j − p⃗k)− 2∆Ejkv⃗g
v2j + v
2
k
}
x⃗
]
exp
[
− (v⃗j − v⃗k)
2 x2
4σ2x
(
v2j + v
2
k
)], (6.38)
where we introduced the difference of energy ∆Ejk ≡ Ej − Ek and the average group velocity v⃗g ≡
1
2
(v⃗j + v⃗k). Note that, at first order, the dependence of v⃗g on j or k can be omitted. The first exponential
term in Eq. (6.38) does not depend on x⃗ and has no influence on oscillations. The second exponential gen-
erates neutrino oscillations. Note that it resembles the standard oscillation formula, but with an additional
term 2∆Ejk v⃗g
v2j+v
2
k
. This is because the densitymatrix in (6.38) is integrated over all itsmomentummodes. Finally,
the last exponential term is a damping term, responsible for decoherence. It sets the conditions on which
neutrino oscillations are observable.
Writing this damping term as
exp
[
− x
2
L2coh,jk
]
, (6.39)
where L2coh,jk is the coherence length, that is, the distance over which the jth and kth WPs will cease to
overlap, we get the expression
L2coh,jk =
4
(
v2j + v
2
k
)
(v⃗j − v⃗k)2
σ2x. (6.40)
For ultra-relativistic neutrinos, we introduce E the average energy of νj and νk. Equation (6.40) then be-
comes
Lcoh,jk =
4
√
2E2∣∣∆m2jk∣∣σx. (6.41)
Interestingly, this formula is extremely close to (6.14) obtained through the heuristic derivation of Section
6.2.3. From equation (6.40), it is clear that neutrino decoherence appears from the different group velocities
of the jth and kth WPs, making their overlap decrease when they propagate over long distances. Note also
that the coherence length depends on the assumed shape of the neutrinoWPs.
As pointed out before, the damping in ρjk for j ̸= k corresponds physically to the separation of the
WPs of the jth and kth propagation eigenstates. Therefore, we expect this to be modified in the presence of
gravity modifying the space-time geometry.
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6.4 Evolution equation for the neutrinoWP in curved space-time
In this section, wemake the first steps towards the investigation of decoherence byWP separation in curved
space-time through the density matrix formalism, generalizing the procedure described in Section 6.3.
We start by studying the evolution of the neutrino state vector and derive from it the evolution of the
densitymatrix. We then focus on the case of neutrino oscillations in vacuum, considering the case of a strong
static gravitational field with a spherical symmetry and without rotation. We have in mind the application
to a Schwarzschild black hole, a binary neutron star merger remnants, or the proto-neutron star in a core-
collapse supernova. The study is performed in two steps. First, we consider the case of a non-covariant
GaussianWP, then the one of a covariant relativistic GaussianWP. For the latter, unfortunately, final results
have not been obtained due to a lack of time. We conclude with a general discussion.
6.4.1 Evolution of the neutrino state vector and covariant phase
We consider here a neutrino being produced at the space-time pointA (tA, x⃗A), as a flavor state να,
|ν (A)〉 = |να〉 =
∑
j
U∗αj (A) |νj〉 , (6.42)
and that the mass eigenstates are described at production by Gaussian WPs of width σp. We study here
the propagation of the different massive WPs from A to an averaged space-time region C (tC , x⃗C). This
assumes that theWPs are not completely separated, so that this regionC can be defined (see Fig. 6.3). When
propagating betweenA andC , the mass eigenstate becomes
|νj (A,C)〉 = e−iφj(A,C) |νj〉 . (6.43)
The quantum mechanical phase φj associated with the propagation of the jth eigenstate in a gravitational
field is given by [28]
φj (A,C) =
∫ C
A
p(j)µ dx
µ, (6.44)
where p(j)µ is the canonical conjugate momentum to the coordinate xµ for the jth eigenstates. It is given by
p(j)µ = mjgµν
dxν
ds
, (6.45)
with ds the line element along the jth neutrino trajectory, and gµν is the metric tensor.
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Aνk
νj
C
Figure 6.3: The jth (blue) and kth (green) neutrinoWPs are produced together at the same pointA. As they propagate through space-
time, they spread and separate themselves. We study the separation of theWPs in the regionC , which is an averaged point on the two
trajectories.
6.4.2 Vacuum oscillations in Schwarzschild metric
From now on, we assume that the space-time is described by the Schwarzschild metric and use the specific
coordinates {t, r, θ, ϕ} so that the line element ds becomes
ds2 ≡ gµνdxµdxν = −B (r) dt2 + 1
B (r)
dr2 + r2dθ2 + r2 sin2 θdϕ2, (6.46)
where B (r) = 1 − rs
r
, where rs = 2M is the Schwarzschild radius, withM the mass of the mass of the
object. We follow the procedure of Ref. [153] to describe the neutrino trajectories. As the gravitational field
described by Eq. (6.46) is isotropic, the neutrino trajectories can be confined to a plane. We choose to work
in the plan θ = pi
2
. The relevant components of p(j)µ are then
p
(j)
t = −mjB (r)
dt
ds
, (6.47)
p(j)r =
mj
B (r)
dr
ds
, (6.48)
p(j)ϕ = mjr
2dϕ
ds
. (6.49)
They are all related by the on-shellmass relationp(j)µ p(j) µ = −m2j . As themetric tensor gµν does not depend
on t and ϕ, the canonical momentum components p(j)t and p
(j)
ϕ are constant along the neutrino trajectory.
We denote those constants as Ej (p⃗) ≡ −p(j)t and Jj (p⃗) = p(j)ϕ . They represent respectively the energy
and the angular momentum of the mass eigenstate νj observed at r = +∞, and depend on the neutrino
momentum at production p⃗. Note that Ej (p⃗) and Jj (p⃗) differ from those measured by an observer at a
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positionC or at the production pointA. The local energy, that is, the energymeasured by an observer at rest
at a given space-time point, can be related toEj through a transformation between the two frames. Having
defined those constants, we develop p(j)µ dxµ in (6.44) as
p(j)µ dx
µ = −Ej (p⃗) dt+ mj
B (r)
(
dr
ds
)
dr + Jj (p⃗) dϕ. (6.50)
As done in Ref. [153], it would be interesting to consider the case of radial propagation so that dϕ = 0 as
well as of non-radial propagation. We present here the case of radial propagation for which the on-shell mass
relation becomes
−B (r)
(
dt
ds
)2
+
1
B (r)
(
dr
ds
)2
= −1. (6.51)
Using the relation (6.47) along with p(j)t = −Ej , the equation above reads
1
B (r)
(
dr
ds
)2
= −1 + E
2
j (p⃗)
m2j
1
B (r)
, (6.52)
which, assuming that neutrinos are propagating outwards, gives
dr
ds
=
√
E2j (p⃗)
m2j
−B (r). (6.53)
Combining the equations (6.50) and (6.53), under the assumption of radial propagation, we get
p(j)µ dx
µ = −Ej (p⃗) dt+ 1
B (r)
√
E2j −B (r)m2jdr. (6.54)
When studying the propagation of neutrinos in curved space-time, most of the literature (see e.g. Refs
[155, 153, 156]) calculates the phase differences along light-like trajectories so thatds2 = 0. This gives a relation
between dt and dr. Since we want to study the separation of the mass eigenstates WPs, the trajectories
need to be slightly different (see Fig. 6.3). As described above, we consider that the WPs in the region C
(tC , x⃗C) are still overlapping a bit, so that we can measure the phases φj and φk at C . 3 In our derivation,
we also assume that neutrinos are relativistic at infinity, that is mj
Ej
≪ 1. As pointed out in Ref. [153], this
assumption ensures that neutrinos are relativistic everywhere on their trajectory. This is not necessarily the
case if neutrinos are assumed to be relativistic at the source. Under this assumption, Eq. (6.54) becomes
p(j)µ dx
µ = −Ej (p⃗) dt+ 1
B (r)
(
Ej (p⃗)−
m2j
2Ej (p⃗)
B (r)
)
dr. (6.55)
3As discussed in Ref. [153], the use of classical trajectories for the interference of the different massive neutrinos at the same
space-time location should account from a difference in the production times. Since we consider neutrinos with very close masses,
we follow close-to light-ray trajectories.
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Plugging this in Eq. (6.44), we get
φj (A,C; p⃗) = −Ej (p⃗) (tC − tA) +
∫ rC
rA
Ej (p⃗)
B (r)
dr − m
2
j
2Ej (p⃗)
(rC − rA) . (6.56)
This expression is also valid for the kthmass eigenstate producedwith themomentum q⃗. We now define the
phase difference φkj = φk − φj , which reads
φkj (A,C; p⃗, q⃗) = (Ej (p⃗)− Ek (q⃗))
(
tC − tA −
∫ rC
rA
1
B (r)
dr
)
+
(
m2j
2Ej (p⃗)
− m
2
k
2Ek (q⃗)
)
(rC − rA) .
(6.57)
Following the procedure of Section 6.3, we developEj (p⃗) (respectivelyEk (q⃗)) in the phase difference using
the first-order expansion (6.35) as a function of p⃗ (respectively q⃗). This gives
φkj (A,C; p⃗, q⃗) = (Ej − Ek)
(
tC − tA −
∫ rC
rA
1
B (r)
dr
)
+
(
m2j
2Ej
− m
2
k
2Ek
)
(rC − rA)
+ v⃗j (p⃗− p⃗j) [tC − tA − λj (rC , rA)]− v⃗k (q⃗ − p⃗k) [tC − tA − λk (rC , rA)] , (6.58)
where we introduced the notation
λj (rC , rA) =
m2j
2E2j
(rC − rA) +
∫ rC
rA
1
B (r)
dr. (6.59)
First step: a non-covariant GaussianWP formulation In our investigation of decoherence in
curved space-time, we start bymaking some considerations by taking a non-covariant GaussianWP, as done
inRefs. [164, 165]. Ref. [164] has shown that the use of a non-covariantGaussianWPcan give quite different
results as far as the spread of theWP is concerned, compared to a covariant formulation. Clearly, one should
consider the spread of the WP, both at production but also due to propagation. For simplicity, here we
make first the assumption that the width of the WP is only due to its spread at production (as done in Refs.
[163, 160] in flat space-time). We use the definition of the density matrix for the entire neutrinoWPs (6.28),
describing mass eigenstates as GaussianWPs of width σp, which, similarly to Eqs. (6.33) and (6.34), gives us
in the mass basis
ρjk (A,C) = U
∗
αjUαk
(
2pi
σ2p
) 3
2
∫ ∫
d3p⃗
(2pi)3
d3q⃗
(2pi)3
exp
[
−iφkj (A,C; p⃗, q⃗)− (p⃗− p⃗j)
2
4σ2p
− (q⃗ − p⃗k)
2
4σ2p
]
. (6.60)
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Using the first-order expansion in terms of p⃗ and q⃗ in φkj , we perform the Gaussian integrals in (6.60) and
get for the density matrix the expression
ρjk (A,C) = U
∗
αjUαk
1
(2piσ2x)
3
2
exp
{−σ2p [v2k (tC − tA − λk (rC , rA))2 + v2j (tC − tA − λk (rC , rA))2]}
exp
{
−i
[
(Ej − Ek)
(
tC − tA −
∫ rC
rA
1
B (r)
dr
)
−
(
m2j
2Ej
− m
2
k
2Ek
)
(rA − rC)
]}
. (6.61)
As we did in the case of propagation in flat space-time in Section 6.3, in order to interpret the formula above,
we perform the integration over t. Computing the Gaussian integral, we get
ρjk (rC , rA) ≡
∫
dtCρjk (A,C) = U
∗
αjUαk
1
2piσ2x
√
2
v2j + v
2
k
exp
[
−(Ej − Ek)
2 σ2x
v2j + v
2
k
]
exp
{
i (rC − rA)
[(
m2j
2Ej
− m
2
k
2Ek
)
− Ej − Ek
v2j + v
2
k
(
v2k
m2k
2E2k
+ v2j
m2j
2E2j
)]}
exp
{
− v
2
j v
2
k
4σ2x
(
v2k + v
2
j
) (rC − rA)2 [ m2k
2E2k
− m
2
j
2E2j
]2}
. (6.62)
Once again, the first exponential term in Eq. (6.62) does not depend on (rC − rA) and has no influence
on neutrino propagation. The second exponential term generates neutrino oscillations. Note that it has
the same form as in flat space time ; however, in the Schwarzschild metric, (rC − rA) does not represent a
physical distance, so the oscillation length is actually modified by the presence of gravity.
The last exponential term is a damping term, responsible for decoherence. For relativistic neutrinos, in-
troducingE the mean energy of νj and νk, this damping term becomes, at first order in mjE
exp
{
− v
2
j v
2
k
4σ2x
(
v2k + v
2
j
) (rC − rA)2 [ m2k
2E2k
− m
2
j
2E2j
]2}
= exp
{
−(rC − rA)
2
8σ2x
[
∆m2jk
2E2
]2}
. (6.63)
Note that in the flat space-time limit, (rC − rA) becomes the physical distance traveled by neutrinos and
this term gives back the damping term of Eq. (6.38). However, if rs is non-null, the coherence length does
not immediately appear in the damping term above as (rC − rA) does not represent a physical distance.
Furthermore,E does not represent the local energy of the neutrinos but rather the energy at infinity.
We introduce the differential proper distance dℓ ≡ √gµνdxµdxν , which becomes in the case of radial
propagation in the Schwarzschild metric
dℓ =
1√
B (r)
dr. (6.64)
We define rcoh the value of the coordinate rC after which the damping term (6.63) is equal to 1/e. It is
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therefore given by
rcoh = rA + 2
√
2σx
2E2∣∣∆m2kj∣∣ . (6.65)
Using the definition of the proper distance (6.64), we then get for the coherence length
Lcoh =
∫ rcoh
rA
1√
B (r)
dr =
∫ rA+2√2σx 2E2|∆m2kj|
rA
1√
B (r)
dr. (6.66)
Note that this result is quite different from the expression obtained using (unjustified) heuristic arguments
in Eq. (6.17). It is also apparent, comparing Eqs. (6.41) and (6.66), that the proper coherent length is in-
creased in the presence of a gravitational field.
In order to assess the effects of gravity on the coherence length, we show here some numerical estimates.
We compare the coherence length in flat space-time (6.41) for the mass eigenstates ν1 and ν3
Lflatcoh =
4
√
2E2
|∆m213|
σx, (6.67)
to the coherence length in curved space-time (6.66) for the mass eigenstates ν1 and ν3
Lcurvedcoh =
∫ rA+ 4√2E2|∆m213|σx
rA
1√
B (r)
dr, (6.68)
where we use the estimate of σx ≈ 4× 10−12 cm of Section 6.2.2.
We make an estimate here for the cooling phase of a core-collapse supernova. We assume that neutrinos
are emitted at a neutrinosphere of radiusRν ≈ 10 km, with an energy of aboutE = 11MeV.We consider
values for the Schwarzschild mass between 0.8M⊙ and 2.5M⊙. The coherence length estimates as well as
their relative difference are shown in Fig. 6.4 as a function of the Schwarzschild mass.
We notice first that, with the parameters used here, the coherence length for ν1 and ν3 is of the order of
tens of kilometers. This corresponds to the scale on which effects such as bipolar oscillations in supernovae
or matter-neutrino resonance in binary neutron star merger remnants. If the coherence length remains of
the same order ofmagnitude in the presence ofmatter and self-interaction, the decoherence could take place
before those oscillation phenomena and destroy the interference patterns. Note however that partial coher-
ence would be maintained as the coherence length for ν1 and ν2 is approximatively 100 times longer.
Second, we notice that, as pointed out before, the coherence length is increased by the presence of gravity.
This is analogous to the results of e.g. Ref. [156], where they find that gravitational fields shift the occurrence
of oscillations phenomena to further distances. Furthermore, the relative difference between the values of
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Figure 6.4: Numerical estimates of the coherence lengths in ćat (6.67) (dashed, orange line) and curved (6.68) (solid, blue line) space-time
(left panel), as well as the relative difference between the two (right panel), as a function of the Schwarzschild massMs.
the coherence length in flat or in curved space-time can goup to 40% forMs = 2.5M⊙, which is a significant
effect.
Second step: a covariant Gaussian WP formulation The second step in our procedure is to
implement a covariant Gaussian WP, as the ones discussed in Refs. [164, 165]. It is also worth noting that,
while Ref. [163] showed that the spread of the neutrino WPs during their propagation had no impact on
the coherence condition in flat space-time, this has not been shown in curved space-time.
It would also have been interesting to consider the case of non-radial propagation. These aspects have not
been completed unfortunately because of a lack of time.
6.5 Discussions and conclusions
In this chapter, we have studied neutrino propagation and decoherence by WP separation in the presence
of gravitational fields. In particular, we have introduced the density matrix of a neutrino as a whole (that is,
including the integration over all its momentummodes) to describe decoherence as a damping term.
Decoherence occurs when the distance between the different propagation eigenstateWPs becomes larger
than the size of the WPs. Therefore, we have estimated the length of neutrino WPs in environments such
as supernovae or binary neutron star mergers and showed that it is of the other of 10−12 cm. Then, we used
the density matrix approach of Ref. [160] to show that decoherence is characterized by a damping term in
the off-diagonal elements of the neutrino density matrix in the propagation basis.
We adapted this procedure to the case of neutrino propagation in vacuum in the presence of gravitational
fields and showed that this damping term is modified. We observed that the coherence length is increased
in curved space-time. These are the first steps towards a WP description of neutrino propagation in curved
space-time. Wehave first discussed the case of a non-covariantGaussianWPandobtained a coherence length
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formula for which numerical estimates have been given. We also discussed the use of a covariant Gaussian
WP.
In order to fully assess decoherence effects in astrophysical environments, a calculation includingneutrino-
matter and neutrino self-interactions effects would be needed as well. The authors of Ref. [160] included
these effects. They showed that if neutrino transformations were adiabatic, a damping term still appeared in
the density matrix expressed in the propagation basis, showing that decoherence still occurs. They also con-
sidered two specificmodels of adiabaticity violation and showed that no such term appears in general. This is
because, in the case of non-adiabatic conversions, the propagation eigenstates are not physically meaningful
as they are strongly mixed. As of now, these results have not been extended to the propagation of neutrinos
in the presence of strong gravitational fields. However, in the adiabatic case, the procedure should be fairly
similar. The work presented here provides with a first step in the description of neutrino WPs in curved
space-time.
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7
Conclusions
The present thesis has focused on neutrino flavor conversions in dense astrophysical environments. In par-
ticular, novel aspects have been explored in the context of binary neutron star mergers, including helicity
coherence and nonstandard interactions, and more generally neutrino decoherence in presence of strong
gravitational fields.
A sharp boundary between the dense, collision-dominated and the dilute, mean-field-treated regions is
often used both in core-collapse supernovae and accretion disk around compact mergers. The role of correc-
tions to the mean-field equations usually employed when studying neutrino propagation in astrophysical
environments has been debated in the last years. In the dilute region, such corrections could have an impact
on neutrino flavor evolution.
In our first project, we have tested the validity of themean-field equations and explored, in particular, the
role of correlators, arising from the first order corrections to the relativistic approximation that couple left- to
right-handedneutrinos in theDirac case, andneutrinos to antineutrinos in theMajorana case. This coupling
is referred to in the literature as helicity (or spin) coherence. We have chosen to explore their role in the
context of binary neutron star merger remnants, but the results we have obtained allow to draw conclusions
for the supernova case as well.
We have explored numerically a large range of trajectories and parameters, based on a detailed astrophys-
ical simulation of a binary neutron star merger remnant. We have found that while a MSW-like resonance
condition associated with helicity coherence is met in the context of binary neutron star merger remnants,
its adiabaticity is never enough to create conversions. This is in contraction with previous claims in a one
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flavor toy model. We have used a perturbative analysis to understand the conditions under which multiple
MSW-like resonances can occur through the so-called nonlinear feedback. Such an analysis not only explains
our results but also shows that they would remain valid in core-collapse supernovae. This study has shown
that, in a realistic astrophysical scenario, helicity coherence is unlikely to produce flavor conversions, making
the usually-employed mean-field equations reliable.
Our results have been derived under several approximations. First of all, the self-interaction term in the
Hamiltonian is computed under the assumption that the flavor history of a neutrino at a given point in
space does not depend on its emission point. This boils down to considering that the flavor content of
the background neutrinos at a given location is the same as the flavor content of the test neutrino, and is
usually referred to as the ”single-trajectory” approximation. As the existence of nonlinear feedback relies on
the geometry of neutrino emission, using a full multi-angle treatment might change our results. However,
as such treatments usually lead to matter decoherence, it is unlikely that it would favor helicity-coherence-
induced conversions. Moreover, we used a two-neutrino mixing framework. The inclusion of a third flavor
should not change our conclusions since thematching condition between the self-interaction and thematter
potentials, necessary to increase the adiabaticity, should not be affected. Finally, the stationary hypothesis
has been employed. Its relaxation may have some effects on our results.
The presence of new physics beyond the standard model could influence neutrino flavor conversions
and, in particular, explain some anomalies observed in oscillation experiments. So far, the experimental
constraints on nonstandard matter-neutrino interactions are still rather loose, in particular for the e − τ
coupling. While the recent observation of coherent elastic neutrino-nucleus scattering did not tighten these
limits, it may bring more information in the future.
In the second project of this thesis, we have focused on the role of such nonstandard interactions in the
context of binary neutron starmerger remnants, performing numerical simulations. We have found that the
inner resonance—aMSW resonance observed in the presence of nonstandard interactions in supernovae—
can be met and have an interesting interplay with the matter-neutrino resonance. Interestingly, such effects
occur even in the case of very small off-diagonal coupling ϵ0 —up to four or five order of magnitudes lower
than the experimental bounds—, as long as the diagonal coupling is not too small. Furthermore, we have
shed a new light on the inner resonance by showing that its condition can still be met in the presence of
sizable self-interaction potentials, and occur as a synchronizedMSW resonance. Several examples have been
presented and analyzed in details in terms of flavor conversionmechanisms. Our results have shown that, in
the presence of nonstandard interactions, strong flavor conversions can occur very close to the central object.
Therefore, they could have a substantial effect on r process nucleosynthesis in neutrino-driven winds.
As in the first project, the results derived in presence of nonstandard interactions are based on the ”single-
trajectory” approximation. However, the condition for having an inner resonance in the presence of non-
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standard interactions depend only on the matter profile. Therefore, relaxing this approximation has no
effect on its location. While in the case of a synchronized inner resonance the adiabaticity could be affected,
it remains unchanged for a ”standard” inner resonance. Similarly, using a three-neutrino framework should
not impact this resonance. In fact, the two-neutrino framework is well-justified as the nonstandard parame-
ters coupling e− µ and µ− τ are much smaller than the e− τ ones. Adopting a full-nonstationary model
could, however, have significant effects on flavor conversions.
As in supernovae or binary neutron star mergers, neutrinos are produced at large densities, they are de-
scribed by very short wave packets in configuration space. As the wave packets of the different propagation
eigenstates propagate with different group velocities, the very short neutrino wave packets are expected to
quickly separate in space, leading to a suppression of neutrino oscillations by decoherence.
In the third project of this thesis, we have studied decoherence by wave-packet separation. We have esti-
mated the size of neutrino wave packets produced in supernovae or binary neutrino star mergers. Then, we
used the density matrix formalism to show that decoherence appears as a damping term in the equations of
motion. This approach can be extended to the case of propagation in a matter and neutrino background.
We have also discussed the effects of strong gravitational fields on wave-packet separation. However, a fully
covariant derivation is needed in order to obtain an analytic formula for the coherence length.
Identifying the sites for heavy elements nucleosynthesis through the so-called r process is a longstanding
open question in astrophysics. The recent kilonova observation in coincidence with gravitational waves
has brought the first direct evidence for the production of heavy elements in binary neutron star mergers.
Neutrinos may have an effect on such a production in the so-called neutrino-driven winds in these sites, as
for core-collapse supernovae. Unraveling fully flavor conversions in this context could, therefore, bring a
new understanding of this open issue.
The results of this thesis shed a new light on neutrino flavor conversions in dense astrophysical environ-
ments in three different aspects. First, our analysis of helicity coherence strengthens themean-field equations
generally used in these contexts. Furthermore, our investigations of nonstandard interactions show that the
presence of new physics could impact on neutrino flavor evolution in binary neutron star merger remnants,
aswell as on nucleosynthesis. Finally, understanding decoherence bywave-packet separation in curved space-
time is a crucial point, as, if it occurs over short distances, it could suppress extensively-investigated oscilla-
tion phenomena. Our work provides with the first steps towards such an understanding which could have
significant theoretical and observational implications.
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A
Spinor products
Wecompute here the spinor products necessary to the derivation of themost general equations for neutrinos
(Section 2.2.1). TheDiracbispinorsu (q⃗, σ) andv (q⃗, σ), which are solutionsof the equations
(
i/p+mi
)
ui (q⃗, σ) =(−i/p+mi) vi (q⃗, σ) = 0, have expressions that depends on the representation chosen for the gamma ma-
trices. We choose a specific representation in order to derive the spinor products which are useful for our
calculations.
For any vector p⃗of normp, pˆ ≡ p⃗
p
denotes the unitary vector associated to the directionof p⃗. We introduce
the two following light-like vectors
nµ (pˆ) =
1
pˆ
 , ϵµ (pˆ) =
 0
ϵ⃗ (pˆ)
 , (A.1)
where (⃗ϵ (pˆ) , ϵ⃗∗ (pˆ)) spans the plane orthogonal to p⃗. Then, it is possible to show the following expressions
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of the spinors associated with the massive neutrino fields
u¯j (q⃗, h) γ
µ (1− γ5)ui (q⃗, h) = v¯j (q⃗,−h) γµ (1− γ5) vi (q⃗,−h) (A.2)
= −2iδh,−nµ (pˆ) , (A.3)
u¯j (q⃗,−h) γµ (1− γ5)ui (q⃗, h) = −v¯j (q⃗, h) γµ (1− γ5) vi (q⃗,−h) (A.4)
= i
mi
p
δh,+e
iφϵµ (pˆ) + i
mj
p
δh,−e−iφϵµ (pˆ) , (A.5)
v¯j (−p⃗, h) γµ (1− γ5)ui (q⃗, h) = imi
p
δh,+e
iφnµ (−pˆ) + imj
p
δh,−e−iφnµ (pˆ) (A.6)
v¯j (−p⃗,−h) γµ (1− γ5)ui (q⃗, h) = −2iδh,−ϵµ (pˆ) , (A.7)
v¯j (q⃗, h) γ
µ (1− γ5) vi (p⃗, h′) = hh′u¯j (q⃗,−h) γµ (1− γ5)ui (p⃗,−h′) , (A.8)
u¯j (q⃗, h) γ
µ (1− γ5) vi (−p⃗, h′) = − (v¯i (−p⃗, h′) γµ (1− γ5)uj (q⃗, h))∗ . (A.9)
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B
Extended evolution equations with mass
contributions : Dirac case
In the investigation of helicity coherence, we have considered both the case of Majorana neutrino and of
Diracneutrinos. In the case neutrinos areDirac particles, onehas to evolve two extended equations including
the mass contributions, namely
iρ˙D,G (t, q⃗ ) = [hD,G (t, q⃗ ) , ρD,G (t, q⃗ )] , (B.1)
and
i ˙¯ρD,G (t, q⃗ ) =
[
h¯D,G (t, q⃗ ) , ρ¯D,G (t, q⃗ )
]
. (B.2)
The explicit expressions of the generalised Hamiltonian in Eq.(4.1) is
hD,G (t, q⃗ )≡
 H(t, q⃗ ) Φ˜(t, q⃗ )
Φ˜†(t, q⃗ ) H˜(t, q⃗ )
 , (B.3)
while the generalized density is given by
ρD,G (t, q⃗ ) ≡
 ρ−−(t, q⃗ ) ρ−+(t, q⃗ )
ρ+−(t, q⃗ ) ρ++(t, q⃗ )
 ≡
 ρ(t, q⃗ ) ζ(t, q⃗ )
ζ†(t, q⃗ ) ρ˜(t, q⃗ )
 , (B.4)
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where the subscripts in the density matrix ρ−−, ρ−+, ρ++ indicate the possible helicity states. In particular,
the correlator ρ++ refers to a sterile state and the ρ−+ couples neutrinos to such sterile component.
For the antineutrino sector, the generalized density is given by
ρ¯D,G (t, q⃗ ) ≡
 ρ¯−−(t, q⃗ ) ρ¯−+(t, q⃗ )
ρ¯+−(t, q⃗ ) ρ¯++(t, q⃗ )
 ≡
 ˜¯ρ(t, q⃗ ) ζ¯†(t, q⃗ )
ζ¯(t, q⃗ ) ρ¯(t, q⃗ )
, (B.5)
with ρ¯++ the usual density matrix for antineutrinos, ρ¯−− corresponding to a sterile state and ρ¯−+ that cou-
ples the sterile with active antineutrino states. The generalizedHamiltonian in the antineutrino sector reads
h¯D,G (t, q⃗ )≡
 ˜¯H(t, q⃗ ) Φ¯†(t, q⃗ )
Φ¯(t, q⃗ ) H¯(t, q⃗ )
, (B.6)
In theHamiltonian expressions (B.3) and (B.6), the off-diagonal terms couple the neutrinos or antineutrinos
with sterile components, as in presence of magnetic fields [166].
Therefore one gets for the component of hD,G(t) Eq.(B.3) the following expressions, by retaining contri-
butions up to orderO(m/q) from the neutrino mass in the interaction terms
H(t, q⃗ ) = S(t, q)− qˆ · V⃗ (t)− qˆ · V⃗m(t), (B.7)
Φ˜(t, q⃗ ) = eiφq ϵˆ∗q · V⃗ (t)
m
2q
, (B.8)
H˜(t, q⃗ ) = h0(q), (B.9)
and for ρ¯D,G(t) Eq.(B.6)
H¯(t, q⃗ ) = S¯(t, q)− qˆ · V⃗ (t)− qˆ · V⃗m(t), (B.10)
Φ¯(t, q⃗ ) = eiφq ϵˆq · V⃗ (t)m
2q
, (B.11)
˜¯H(t, q⃗ ) = −h0(q), (B.12)
The quantities S(t, q), S¯(t, q) and V⃗ (t) are defined in Eqs. (4.6), (4.7), and (4.13) respectively. The mass
correction to the vector component of the self-interaction Hamiltonian reads
V⃗m(t) = −
√
2GF
∫
d3p
(2pi)3
{
e−iφp ϵˆpΩ(t, p⃗ )
m
2p
+ h.c.
}
−
√
2GF tr
∫
d3p
(2pi)3
{
e−iφp ϵˆpΩ(t, p⃗)
m
2p
+ h.c.
}
, (B.13)
which gives an extra contribution to the diagonal part of the generalized Hamiltonians.
148
C
Geometric factor in the context of binary neutron
star merger remnants
Rνα
O
•
Q0
r
• ~q
x
z
θq
φq
Figure C.1: Side view of the accretion disk, with the central object located at the center. The radius of the disk is ćavor dependent and
is denotedRνα . A neutrino is emitted near the disk at the pointQ0, and then leaves it with amomentum q⃗ located by its spherical co-
ordinates (q, θq, φq). The coordinate r is the distance between the location of the neutrino at time t and its emission point, with the
corresponding cartesian coordinates (x, 0, z).
We compute the geometric factor that is involved in [17, 18]
h⊥νν(r, q, ℓq) =
√
2GF
∑
α
∫ ∞
0
dp
{∫
Ωνα
(ϵˆ∗ (qˆ) · pˆ) ρνα(r, p, ℓp)dnνα
−
∫
Ων¯α
(ϵˆ∗ (qˆ) · pˆ) ρ¯ν¯α(r, p, ℓp)dnν¯α
}
, (C.1)
where qˆ is the vector of the propagating neutrino, with coordinates (θq, φq), ϵ (qˆ) is the unitary vector in-
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troduced in Eq.(4.21), dnνα denotes the differential neutrino number density. In the spherical coordinates
introduced before, ϵˆ (qˆ) reads
ϵ (qˆ) = qˆθ − iqˆφ =

cosφq cos θq + i sin θq
sin θq cos θq − i cosφq
− sin θq
 , (C.2)
hence,
ϵ∗ (qˆ) · pˆ = (cosφq cos θq − i sin θq) sin θp cosφp
+ (sin θq cos θq + i cosφq) sin θp sinφp − sin θq cos θp. (C.3)
With the approximation given by Eq.(4.35) for the density matrix, the angular integral that needs to be
performed is reduced and becomes
G⊥να (r, ℓq) =
∫
Ωνα
(ϵˆ∗ (qˆ) · pˆ) dφpd cos θp. (C.4)
The procedure to perform the angular integral Eq.(C.4) is analogous to the case of the geometrical factor
appearing in the usual self-interaction Hamiltonian Eq.(4.34) (see Refs.[82, 84, 86]).
Rνα
O
•Emission point
rd
ϕ
z tan θq
x
φq
Figure C.2: Bird’s eye view of the accretion disk. The emission point of the neutrino is located by its polar coordinates (rd, ϕ).
FollowingRef.[137], we express the variables (θp, φp) as functions of the polar coordinates of the emission
point on the disk, (rd, ϕ) (Figure C.2). The following relations
tan θp =
1
z
√
x2 + r2d − 2xrd cosϕ, (C.5)
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cosφp =
x− rd cosϕ√
x2 + r2d − 2xrd cosϕ
, (C.6)
withx = x0+r sin θq and z = z0+r cos θq, enable to compute the Jacobian of the transformation, leading
to ∫
Ωνα
dφpd cos θp =
∫ Rνα
0
drd
∫ 2pi
0
dϕ
rdz
(x2 + z2 + r2d − 2xrd cosϕ)3/2
. (C.7)
Let us define Γ⊥ (rd, r, ℓq) such that
G⊥να (r, ℓq) =
∫ Rνα
0
drd (rdz) Γ
⊥ (rd, r, ℓq) . (C.8)
Then, using (C.3) and (C.7), the angular integration over ϕ can be performed and leads to :
Γ⊥ (rd, r, ℓq) =
pi
(ml)3/2
{(m+ l) [x (cosφq cos θq − i sinφq)− z sin θq]
−4xr2d (cosφq cos θq − i sinφq)
}
, (C.9)
wherem = (x+ rd)2 + z2 and l = (x− rd)2 + z2. Note that the integrals performed here are the same
as the ones in the case of the usual self-interaction term Eq.(4.37), but weighted differently. In the case of
φq = 0, Γ⊥ is reduced to
Γ⊥ (rd, r, ℓq) =
pi
(ml)3/2
[
(m+ l) (x cos θq − z sin θq)− 4xr2d cos θq
]
. (C.10)
As for the geometrical factor along the neutrino direction of motion, one has
Gνα (r, ℓq) =
∫ Rνα
0
drd (rdz) Γ (rd, r, ℓq) . (C.11)
where we define Γ (rd, r, ℓq) similarly to Γ⊥. It also involves angular integrals, with different weights as in
the case of the perpendicular term
Γ (rd, r, ℓq) =
∫ 2pi
0
dϕ [1− sin θq sin θp (cosφq cosφp + sinφq sinφp)− cos θq cos θp]
× 1
(x2 + z2 + r2d − 2xrd cosϕ)3/2
, (C.12)
where the angles θp and φp must be expressed as functions of (rq, ϕ). The explicit ϕ-integration in (C.12)
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yields, for φq = 0
Γ (rd, r, ℓq) =
4
l
√
m
E
(√
m− l
m
)
− pi
(ml)3/2
[
(m+ l) (z cos θq + x sin θq)− 4xr2d sin θq
]
, (C.13)
where the relationm− l = 4xrd has been used, withm and l defined previously, andE(k) denotes Legen-
dre’s complete elliptic integral of the second kind
E(k) ≡
∫ pi/2
0
dθ
√
1− k2 sin2 θ, (C.14)
where we have extended the usual definition domain from k ∈ [0, 1] to k ∈ [0, 1] ∩ iR. Note that−Γ/2
with the replacement φq 7→ pi − φq corresponds to the geometric factor C given in [82]. Note also the
different convention used to denote the elliptic integral.
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D
Adiabaticity
Weremind that in theSU(2) isospin formalism the equations ofmotion are replacedbyprecession equations
where an effective magnetic field is built from the Hamiltonian. In the two flavor case it is given by
B⃗ =

2 Re(Hex)
−2 Im(Hex)
Hee −Hxx
 , (D.1)
and the effective isospins are constructed from the density matrices
P⃗ =
1
2

2 Re(ρex)
−2 Im(ρex)
ρee − ρxx
 , (D.2)
The third component of the isospin vectors gives information on the flavor content, while the x- and y-
components of the isospins contain the mixings.
In our analysis of mass effects, we consider that at the helicity coherence resonance, flavor conversions are
frozen, which is well justified whenMNR and the helicity coherence resonances are separated or the MNR
is ineffective. Hence, the system is effectively reduced to 2 × 2 corresponding to electron neutrinos and
electron antineutrinos. We can then define the effective magnetic field as a function of the elements of the
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generalized Hamiltonian (4.3), such that
B⃗m =

2 Re(hG,13)
−2 Im(hG,13)
hG,11 − hG,33
 , (D.3)
and the effective isospin
P⃗m =
1
2

2 Re(ρ−+ee )
−2 Im(ρ−+ee )
ρ−−ee − ρ++ee
 . (D.4)
Within this formalism, the MSW resonance condition corresponds to the third component of the mag-
netic field being zero while the evolution is adiabatic if the precession of the isospins is fast compared to the
rate of change of the magnetic field. In this case, the isospins manage to approximately stay aligned with
the effective magnetic fields, so that the cosine of the angle between the total isospin and the magnetic fields
remains similar before and after the resonance. Another way of quantifying adiabaticity of the evolution is
through the gamma factor
γ =
|B⃗|3∣∣∣dB⃗dt × B⃗∣∣∣ . (D.5)
where B⃗ stands for B⃗ (D.1) or B⃗m (D.3) in our notations. If γ ≫ 1 evolution is adiabatic.
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